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Abstract: This study presents an analytical investigation on the thermal
buckling and postbuckling behavior of functionally graded carbon nanotube-
reinforced composite (FG-CNTRC) cylindrical shells reinforced by FG-CNTRC
stiffeners. The shell is subjected to a uniform temperature rise, and the material
properties of both the shell and stiffeners are assumed to be temperature-
dependent. Three stiffening configurations, including orthogonal and helical
stiffeners, are considered within a unified formulation based on the smeared
stiffener technique. The governing nonlinear equilibrium equations are
established using the Donnell shell theory with von Kérman geometric
nonlinearity. A Ritz-based energy approach is employed to derive the analytical
expressions for the critical buckling temperature and postbuckling equilibrium
paths. The effects of CNT distribution patterns, CNT volume fraction, stiffener
configuration, and geometric parameters on the thermal stability of the shells
are systematically examined. The results indicate that stiffeners significantly
enhance the thermal buckling resistance of FG-CNTRC cylindrical shells, with
helical stiffeners providing a markedly higher improvement compared to
orthogonal stiffeners. Among the considered CNT volume fractions, an
intermediate value provides the highest thermal buckling resistance, while a
further increase in CNT content may reduce the thermal stability. In addition,
the spacing and arrangement of stiffeners play a crucial role in determining the
buckling temperature and postbuckling response.

Keywords: FG-CNTRC cylindrical shell, Thermal buckling, Postbuckling
behavior, FG-CNTRC stiffeners, Ritz method, Temperature-dependent
material properties.

1. Introduction

In recent decades, cylindrical shells and
other shell structures of revolution fabricated from

advanced composite materials have attracted
considerable attention due to their widespread
applications in aerospace, marine, and mechanical
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engineering systems. Their superior strength-to-
weight ratio and tunable material properties make
them particularly suitable for high-performance
structural components, thereby  motivating
extensive research into their mechanical behavior.

Functionally graded materials (FGMs)
represent a class of advanced composites
characterized by the continuous variation of their
thermo-mechanical  properties through the
thickness of the structure. This gradual transition in
material composition effectively reduces stress
concentrations and enhances structural
performance under complex loading conditions.
Owing to these advantageous features, the
thermo-mechanical behavior of FGM plates and
shells has been extensively investigated over the
past decade. A considerable number of studies
have been devoted to the analysis of FGM
cylindrical shells under various loading and
environmental conditions. For instance, Sofiyev
and Schnack [1] investigated the linear torsional
dynamic buckling of FGM cylindrical shells
subjected to time-dependent torsion using a
Galerkin-based approach, neglecting inertia effects
in the longitudinal and circumferential directions.
Subsequent works by Sofiyev and co-authors [2, 3]
further examined the torsional vibration
characteristics and linear buckling behavior of
FGM cylindrical shells and shells with FGM
coatings, including the influence of Pasternak-type
elastic foundations. The thermal stability of FGM
shells has also been widely explored.
Bagherizadeh et al. [4] analyzed the linear thermal
buckling behavior of FGM cylindrical shells
considering foundation effects, while Han et al. [5],
based on Fligge shell theory, evaluated the
vibration response and critical loads under internal
pressure. In addition, Wang et al. [6] studied the
influence of temperature distribution and porosity
patterns on the vibration characteristics of FGM
cylindrical shells, highlighting the importance of
material inhomogeneity. Nonlinear thermo-
mechanical responses have attracted increasing
attention in recent years. Javani et al. [7] employed
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a hybrid numerical scheme combining the
generalized differential quadrature method and
Crank-Nicolson technique to investigate
axisymmetric FGM conical shells under rapid
thermal loading. Xu et al. [8] proposed a material
design involving carbon fiber-reinforced polymers
with  FGM coatings for cylindrical shells.
Furthermore, Arazm et al. [9] examined the
dynamic behavior of axially symmetric FGM
cylindrical shells subjected to moving loads using
an analytical formulation. More recently, the
incorporation of stiffeners into FGM shells has
been considered to enhance  structural
performance. By extending the classical smeared
stiffener technique, Nam et al. [10, 11] and Phuong
et al. [12] developed governing equations for
multilayer and sandwich FGM cylindrical shells
reinforced with isotropic and FGM stiffeners,
including ring, stringer, and helical configurations,
while accounting for thermal effects and foundation
interactions. Their studies addressed both linear
and nonlinear buckling responses under torsional
loading, covering prebuckling, bifurcation, and
postbuckling regimes.

Carbon nanotubes (CNTs), since their
discovery, have attracted significant attention due
to their exceptional mechanical, thermal, and
electrical properties. As a nanoscale
reinforcement, CNTs have been widely
incorporated into conventional matrix materials to
remarkably enhance stiffness, strength, and
thermal resistance. Building upon the concept of
functionally graded materials, functionally graded
carbon nanotube-reinforced composites (FG-
CNTRCs) have been developed, in which the CNT
volume fraction varies continuously through the
thickness of the structure [13-15]. Owing to their
superior  performance, FG-CNTRCs have
demonstrated considerable potential in improving
the thermo-mechanical behavior of cylindrical
shells and other shell structures, including toroidal
segments.

Extensive efforts have also been devoted to
the analysis of FG-CNTRC cylindrical shells under
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various mechanical and thermal loading
conditions. In particular, buckling and postbuckling
responses under axial compression, external
pressure, and torsional loading have been
investigated using advanced analytical
approaches such as the two-step perturbation
technique in conjunction with nonlinear higher-
order shear deformation theories [13-16], with
consideration of uniform temperature rise. The
dynamic behavior of FG-CNTRC shells has
likewise been widely explored. Free and forced
vibration characteristics have been examined
through energy-based formulations, including the
Ritz method with Chebyshev polynomials and the
variational differential quadrature method [16, 17].
Beyond cylindrical configurations, other shell
structures such as truncated conical shells have
also been analyzed using FG-CNTRC materials
under various loading scenarios [18, 19]. In
addition, recent studies have focused on
enhancing the structural performance of FG-
CNTRC shells through advanced design concepts.
These include the incorporation of auxetic cores
and the introduction of different stiffening schemes,
such as ring, stringer, and helical stiffeners, with
the nonlinear postbuckling behavior typically
analyzed using Galerkin-based formulations [20-
22]. Furthermore, the complex response of FG-
CNTRC cylindrical shells under multi-physical
environments, including seismic excitation
combined with thermal and moisture effects, has
been investigated using Ritz-type energy methods
[23]. Particular attention has been given to the
thermal stability of FG-CNTRC cylindrical shells
with temperature-dependent material properties. In
this context, Shen [24] and Hieu and Tung [25]
examined the thermal buckling and postbuckling
behavior using perturbation techniques and
Galerkin  methods, respectively, providing
important insights into the nonlinear response of
such structures.

Despite the extensive body of research on
FGM and FG-CNTRC cylindrical shells, most
existing studies have primarily focused on
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unstiffened shells or shells reinforced by
conventional stiffening configurations. Although
several works have considered stiffened FGM or
FG-CNTRC shells, the combined effects of
advanced stiffening schemes, such as orthogonal
and helical stiffeners, together with temperature-
dependent material properties, have not been
comprehensively clarified. In particular, a unified
analytical formulation that enables a consistent
comparison between different stiffener
configurations under thermal loading remains
limited. Moreover, previous investigations have
predominantly employed perturbation or Galerkin-
based approaches, while Ritz-based energy
formulations for such complex stiffened FG-
CNTRC shell systems are still relatively scarce in
the literature. This limitation motivates the
development of an alternative analytical framework
capable of capturing both buckling and
postbuckling responses with improved flexibility in
assumed displacement fields.

Therefore, the present study aims to develop
a Ritz-based analytical model for investigating the
thermal buckling and postbuckling behavior of FG-
CNTRC cylindrical shells reinforced by FG-CNTRC
stiffeners. Both orthogonal and helical stiffener
configurations are considered within a unified
framework, and the effects of CNT distribution
patterns, stiffener arrangement, and geometric
parameters on the thermal stability of the shells are
systematically examined.
2. FG-CNTRC cylindrical shell model with FG-
CNTRC stiffeners

Consider a FG-CNTRC cylindrical shell
reinforced by stiffeners and subjected to a uniform
temperature rise AT . The shell geometry is
characterized by the circumferential radius R,
thickness h, longitudinal radius a, and length L,
as illustrated in Fig. 1. A cylindrical coordinate
system Oxyz is defined such that the origin is

located on the mid-surface at the shell edge. The
Ox -axis is aligned with the meridional direction,
the Oy -axis follows the circumferential direction,
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and the Oz -axis is directed radially outward.

The shell is reinforced by three types of
stiffeners, namely longitudinal, circumferential, and
helical stiffeners. The geometric parameters of the
stiffeners, including height, width, and spacing, are
denoted by h_,h_.h b, b.b_, and d,d.,d

st ri? 'sp Y st?Mrir Ysp? st? i Yisp ?
respectively. For the sake of simplicity, these
parameters are assumed to be identical in the
analysis, i.e.,hy=h,=h =hg,
bst = bri = bsp = bs and dst = dri = dsp = ds .

The
stiffeners with respect to the Ox -axis is related to

present

inclination angle & of the helical

the number of stiffeners n,, and their spacing d,
through the following expression [10-12]

nspdSp
27R

0= arccos(
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The volume fraction of CNTs across the
panel thickness (-h/2<z<h/2) is assumed to

follow either a uniform or a linear distribution,
expressed as follows

Virr (UD)
- AV 4
VCNT = %H (X) (1)
R A VAR 4
2VCNT - CI:T| | (O)

and for stiffeners (h/2<z<h/2+h,,)

V(*:NT
\(2h ~4z) Vi g + 2vgNT\ (X) (2)
(4z - 2h) Ve, /hy,
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Fig. 1. Geometry of FG-CNTRC cylindrical shell reinforced by helical stiffeners and schematic illustration
of CNT distribution patterns in the shell and stiffeners

Both the shell and the stiffeners are
characterized by specific CNT distribution patterns,
including UD/UD, X/X, and O/O configurations.

The effective elastic properties of the FG-

CNTRC material are evaluated using the extended
rule of mixtures. Accordingly, the expressions for
Young’s moduli, shear moduli, and Poisson’s ratio
can be formulated as follows [13-15]
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Ex" EEy @)
ﬁgNT — VCNTGM + \A/Mé'%N
Ga" Gi; Gy

ACNT _\/* ~CN ,\7 =~
Vip = VeurViz + V-

where the effective material properties are defined
based on the volume fractions of the constituents,
in which \A/cm and V, represent the CNTs and
matrix phases, respectively, with the constraint
\70NT+\7M =1. The mechanical properties of the
CNTs are characterized by the elastic constants
ECN ECN and éCN

715 Exp, 1» » Whereas those of the isotropic

matrix are given by EM and GM. To account for
nanoscale effects, the efficiency parameters
n"(j=123) are

introduced based on

numerical simulations. In addition, the Poisson’s
ratios corresponding to the CNTs and the matrix
are denoted by V' and ¥,,, respectively.

The thermal expansion behavior of both the
shell and stiffeners along the x- and y -directions
is characterized by the following coefficients
&$1NT — VCNIE$1N§$1N + A\A/MAEM&M

VCNTE1C1N + VMEM

~CNT _ ~CN\\7 ~CN (4)
Oy = (1 Vo2 )VCNTa22 +

~ Vo ~CNT ~ CNT
(1+VM)VmOLM—V12 Oy -

where the coefficients of thermal expansion
associated with the CNTs and the isotropic matrix
s, and G,

are represented by a7,

respectively.
3. Governing equations

In this work, the governing equations
describing the stability behavior of FG-CNTRC
cylindrical shells under temperature rise are
established based on the Donnell shell theory with
von Karman-type geometric nonlinearity. The strain
field through the shell thickness, measured at a
distance z from the mid-surface, is defined as
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follows [10-12]
SX éio} W,XX
_| alo
g, |=[8%-z|w, | (5)
Yol (1 2w,

In this formulation, &° and &

y, correspond

to the in-plane normal strain components, whereas
«?i(;} denotes the shear strain within the mid-surface

of the shell, and

&l u, +w2/2
é{yo} =|-w/R+v, +w?y/2 . (6)
7 0} VW W U

xy
In the present formulation, u=u(x,y),

v=v(x, y), and w=w(x,y) represent the

displacement fields along the x-, y-, and z-

directions, respectively

From Eq. (6), the compatibility condition of
strains in the shell can be established in the
following form

alop _ »{0)

8y,xx - YXy,xy

we o (7)

According to Hooke’s law, the constitutive
relations between stresses and strains for FG-
CNTRC cylindrical shells are given by

A0 w2 1
+8X1yy —W’xy W,xxW,yy RW

~

A A ~ CNT
o, =Qg, +Qpe, — a7 AT,

6228)( + Q;zsy —&SAT, (8)

Gy

ny = QGGny )

where
=CNT ~CNTE=CNT
Q. = E N Vo Ef
1 ~CNT ACNT ’ 12 = ~CNT ACNT ’
1=V, Vg 1=V, V3
—CNT
N Ezz é _éCNT
22_1_ACNTACNT’ 66 — 12 -
Viz Vo

The contribution of the stiffeners is
incorporated using the smeared stiffener
technique, in which the discrete stiffeners are
replaced by equivalent continuously distributed
stiffnresses over the shell midsurface. The
stiffnesses of the longitudinal and circumferential
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stiffeners are added along the x- and y-directions,
respectively, whereas those of the helical stiffeners
are transformed into the global shell coordinates
through the inclination angle before being smeared
over the shell surface. Thus, the equivalent
stiffnress and thermal resultant terms of the
stiffeners are totaled onto those of the shell. The
resultant forces and moments of the stiffened shell
are expressed in the global shell coordinate system
as follows

_Nx ] | A11 A12 O |:|11 |:|12 |

Ny A'IZ A22 O |:|12 |:|22

Ny| |0 0 Fe 0 0 H §

MX |:|11 I:|‘12 O é‘1‘1 é‘|2 0

My |:|12 I:lzz 0 é‘12 ézz 0

Myl 1o o0 A, 0 0 G
EXETS ©
o | |
o |
W D,
Wy (i)ZV
2w, | [0 ]

where

~ _psh , — pst — [sp=4
Fio=F7 +B.F + 20 Frc,

>

_psh | — i — Cspa4
2 =Fop TPy + 2“’spF11 S,

>

__[Esh — [spa2=2  _[sh — [Espa2R2
12 =Frp + 20 Frs et Fy =Fg +2n FYs“c?,

T

_Osh , = st — ysp=4
1= Hiy + R Hy + 2 Hive,

T

_Ash — i — Asp—4
b =Hy 1 Hy, + 2“spH11 S,

20 _(sh — spE2.2
,Hes =Hze +2HspH11S c,

T

_ ysh — sp=2=
12 =H7; +2HspH11S C

o

_ Ash — st — Asp—4
1 =G+ B Gy + 21, Gic”,

o

_ Ash — AT — A sp4
2 = G2 + 1, Gy, +201,GTS,
A _ Ash — APET2:2 A _ (Ash — ASPT2=2
G, =Gj; +20,GrisC ’Gee =G + 21, Gis°C,
B = D" + 1, Dy + 2, PP (€ +5°C7),

S =sing, c =cos3,
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B, =D + [ dy, + 2, D,F (8° + §7°C7).
where R, and [, are indicator parameters

representing the presence of orthogonal and

helical stiffeners, respectively. Specifically, p,, =1
and p, =0 correspond to the case of orthogonally
stiffened shells, whereas p, =0 and pg =1

represent shells reinforced with helical stiffeners. In
the absence of stiffeners, both parameters vanish,
i.e., M, :ﬁsp =0, and

z)(122%)dz, (ij=12.6)

h/2

~h/2

(é:zh@;s:) j“” (oﬂaﬁm +Q037)(12°) 2
(@3 057) = I\ (@67 + Q657 (12°) e
(D3

b2, b2 - (62,62 -

b Nistsp) { A* A ~
F R (T2
(b,5) - Z_ T (@68 + Q68T (127 dz
ri

The stiffness contributions of the longitudinal

and helical stiffeners, denoted by F*?) HI*?)  and

G!*?) can be expressed as follows

IEStsp Stsp _ IE1*1 |:|11 B 'E;z 0 |:|12 0
A G5 | A, G| |[H, 0 G, O

F, 0 Hyp, O A;z |:|12
5 0 w 0 Hg 0O O (10)

|0 He 0 Gy LO O
where
A a D o) A
(FJ,H;,G;): (st.sp) J‘hh/: A(st.sp) Qij (1, z, Zz)dZ.
d(st,sp) / (11)
(ii=126)

It should be noted that the stiffness terms

corresponding to the circumferential stiffeners,
namely FL,Hl,, and G, are obtained by

exchanging the indices “11” and “22” in Egs. (10)
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and (11). Furthermore, the geometric parameters
b and d

(st,sp) (st,sp)

are substituted by b, and d,

respectively.
To satisfy the governing conditions, the Airy
stress function ¢ (x,y) is introduced in the

following form
N, =@y Ny =0 Ny == (12)
By substituting Egs. (12), (6) into Eq. (7), the
latter can be rewritten in the following form
Fo® oo + (ﬁge +2F,, )(b,*xxyy PPy +
HyW oo + (I:ﬁ1 +H, - 2I:I;6)w + (13)

SXXYy

4. Assumed Deflection Function and Solution
Procedure

In this study, the FG-CNTRC cylindrical shell
is considered to have simply supported and
immovable boundary conditions at both ends.
Based on these constraints, an approximate
analytical form of the deflection function is
assumed as follows [11]

w=W, +W,sina,_xsinb y +W,sin*a_x  (14)

mm

_ n
where a, :T;

n R

In the Ritz-based approach, the assumed
deflection function approximately satisfies the
boundary conditions, and this approximation has
been shown in previous studies to have a
negligible effect on the predicted buckling and
postbuckling responses.

Tl
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By substituting the assumed deflection

function in Eq. (14) into Eq. (13), the corresponding
stress function can be obtained as follows
® =, cos2a_x+,cos2b y
+, sina_xsinb y + &, sin3a,_xsinb_ y
2
— Goyhx + NOxy2 .
2 2

where

(15)

03 =E1W2 + k2VAV12,
(’f)z =R3W121
(’f)s = R4VV1VV2 + stw
(’f’; = R6W1W2’
_2 Nk _ _ _2 _ —
R1 :4Ram_H21 1 kz _ E)n K a
8Ra§1F22 323ran22
2=2
k4:__ . = b,r\]*am . — A )
a::szz + arzrlb§ (Fes +2F, ) + b:Fﬂ

R 5:1|:r21 + 55165 (F|11 + |:|22 - * R
o asF, +a2b? (Fyy + 2F, ) + biF,

ENEN
'|'|>

- b?a2
Ke = T, (A a N Taa
" 813, + 9078 (Fy, + 2F, ) + BIF,

The closed circumferential condition and
immovable edge constraints are expressed as
follows

27R L 27R L

Hv dxdy = H( +———]dxdy 0 (16)
oo Tiir-

After some algebraic manipulations, the

dedy 0 (17)

expressions for the circumferential stress o,, and
the axial force resultant N,, , as given in Egs. (16)
and (17), can be written as follows

— |E1*2[\10x + Wzn

hF,, 2RhF,,
. a. - (18)
W, (®LF,+ @, F,)AT
R )

RhF,, hF,,

Oy

+
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—2\A/2 =2\pJ 2
:(XmW1 +amW2

> 8F 4F; o)
+[_é)jf Fa CfD:XJAT + hG?‘[F; :
F11 1

In the present thermal buckling problem, no
external mechanical work is considered, and the
thermal effect is incorporated through the
thermoelastic constitutive relations. Therefore, the
total potential energy of the shell can be expressed
as follows

ZTotal = Zin' (20)
The elastic strain energy of the shell can be
expressed as follows

Oy Vyy T 08y +
B h2 27R Y
A, = J' I o6, — 0,65 AT |dxdydz.  (21)
2 0

~ CNT
-6,05, AT

N|=

O —y—

2

Applying the Ritz energy method yields the
governing equations in the following form
6Zzotal :0’ aZ'Eotal =0, aZIotal :0. (22)
oW, oW, oW,

By incorporating Egs. (18) and (19) into Eq.
(22), the latter can be reformulated in the following
form
VW, +V,, W2+ V,, W, +V,,W,2 + V,,AT =0 (23)
V, Wy + Vi, W2 4+ V,, W

2: (i 22A 1 A 23772 (24)
+V,, W2 +V,, + V, AT =0
\731 Wo + \732 VAvo Wz + \733 Wz VAV12
+V,, W2 4+ V, W2 + V, W2 + VW, (25)
+V,s W,AT + V,, AT = 0.

where
Vo 27tL|l';1*1 ~ T[L(_ari'em +5§A1*1)
R (o o | e (S . A
(11 22 12) (11 22 12)
* _2A*
v, = Fmk V., = Tfl-am 12 ’

3 2TCI—(CI):y 1*1 F. CD1yF122)
15 — . A = )
11F22 - F122
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O P |
+b’F.| —k2F, F,, +F,2k> - ——
n 11[ 37 11" 22 1273 512)
By solving Eq. (23), the expression for WO is
derived as follows
W =_\712W12 + VW, +V,, W,2 + V, AT
0 =
V11
By substituting Eq. (26) into Eq. (24), the

expression for VA\/1 can be derived in the following

(26)

form

W2 =T,W2+T, W, +T,,+T,AT (27)
Substitution of Egs. (26) and (27) into Eq.

(25) yields the relationship between AT and VA\/2 in

the following form

T W+ T, WP+ T, W, + T

AT = 22 (28)
Tou W, + Ty
where
-T- __V11V23_V13V21
11 =~ \7 ~T N
11 V22 = V42 V21
-T- __V24V11_V14V21
12 ~ \7 T
11 V22 = V42 V21
-T- _ 25 V11 -T- _ V11V26_V15V21
13 ~ \7 N N ~T
11 V22 = V2 V21 11 V22 = V12 V2u
= 32( 12l 14) C— ~
T21 == ~ + V33T12 + V35’
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(T V)
T =- = + Vi Toy + Vg, Tg
1
Vo (VT +Vie ) . .
== ( \7 )+ 34T14+V31o’
T oo VaVeTs g 7
Vi

Based on the bifurcation criterion, the upper
buckling load is determined by taking the limit

W, — 0, leading to:

AT, = Tn (29)
T26
Within the numerical framework, the critical

buckling temperature AT, is identified as the

minimum value of the upper buckling load
corresponding to all admissible buckling modes
(m,n).

The total deflection amplitude is derived from
Eq. (14) and can be expressed as follows

W, = W, + W, + W, (30)
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By substituting Egs. (26) and (27) into Eq.
(30), the total deflection amplitude can be obtained
as follows

W, =T, W2+T,W, + T, +T,AT +

- = _ (31)
JToW2 + T W, + T, AT + T

where
-T-31 __V12-T-13 T Vi , -T-32 _ _V12-T:11 _V13 +1
11 1
= VT, +V,s = Vv, T
T. = 12 14 15, T = 12 13
33 v 35 v

1"
5. Numerical examples and discussions

Table 1 is presented to validate the proposed
formulation by comparing the predicted critical
thermal buckling temperatures of unstiffened FG-
CNTRC cylindrical shells with the results reported
by Shen [24] and by Hieu and Tung [25]. For both
distribution patterns, UD and FG-X, the present
results are in close agreement with the reference
data, confirming the reliability of the developed
approach.

Table 1. Validation of the present formulation through comparison of critical thermal buckling

temperatures T, =T, + AT,

(K) for unstiffened FG-CNTRC cylindrical shells with R/h =100 ,h =1mm,

and Vg, =0.17

L2/Rh Reference ub FG-X
Shen [24] 383.9038 (1;7)" 397.2143 (1;7)
100 Hieu and Tung [25] 379.2385 (1;7) 390.6587 (1;7)
Present 379.1897 (1;7) 389.1460 (1;3)
Shen [24] 387.6421 (1:6) 394.7082 (1;6)
300 Hieu and Tung [25] 385.5992 (1;6) 392.1993 (1;6)
Present 385.5237 (1;6) 391.0371 (1;6)

"The buckling modes (m;n).

In this paper, the comparison between
orthogonal and helical stiffeners is conducted
under equivalent geometric conditions, with the
same stiffener cross-sectional area, material
distribution, and spacing, leading to an equivalent
amount of added stiffener material. All material
parameters of the CNTs and PMMA matrix used for

the numerical calculations are adopted from
previously published studies [13-15].

Table 2 presents the critical thermal buckling
temperatures of FG-CNTRC cylindrical shells for
three CNT distribution patterns, namely UD/UD,
X/X, and O/O, under three structural
configurations: unstiffened shells, shells reinforced
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by orthogonal stiffeners, and shells reinforced by
helical stiffeners. The results are reported for both
temperature-dependent (T-D) and temperature-
independent (T-ID) material properties. For all CNT
distribution patterns, the unstiffened shell gives the
critical temperature, the orthogonally
stiffened shell provides an intermediate value, and
the helically stiffened shell yields the highest
buckling resistance. These results demonstrate
that helical stiffeners are substantially more
effective than orthogonal stiffeners in improving
thermal stability. Among the three CNT distribution
patterns, the X/X configuration consistently
produces the highest critical buckling temperature,
whereas the O/O configuration gives the lowest
one, for all stiffener arrangements and for both T-D
and T-ID cases. This indicates that the X/X
distribution provides the most favorable stiffness
enhancement against thermal instability, while the
O/O pattern is less efficient in resisting thermally
induced buckling. The UD/UD configuration always
lies between these two extremes. Another
important observation is that the critical buckling

lowest

L.K. Hoa et al

temperatures predicted with T-ID properties are
always higher than those obtained with T-D
properties. This difference confirms that material
degradation caused by temperature dependence
reduces the thermal buckling resistance of the
shell-stiffener system. The discrepancy is
especially noticeable in the helically stiffened
Therefore, neglecting temperature-
dependent material properties may lead to an
overestimation of the thermal stability of stiffened
FG-CNTRC cylindrical shells. Table 2 also shows
that the buckling modes change significantly with
the stiffener configuration. For unstiffened and
orthogonally stiffened shells, the buckling mode is

cases.

represented by the conventional pair (m;n),

whereas for helically stiffened shells the mode is
additionally associated with the number of helical
stiffeners and the inclination angle, written in the

form (m;n;nsp;S). This indicates that the helical
stiffeners not only increase the critical buckling

temperature but also modify the instability pattern
of the shell in a more complex manner.

Table 2. Critical thermal buckling temperatures AT, (K) of stiffened FG-CNTRC cylindrical shells with

different CNT distribution patterns and stiffener configurations (h =2mm, R=250h, L =1.5R, vgNT =0.17,
b, =by,=b,=h, h,=h,=h_=15h, d, =d, =d, =75mm, n =10, n, =42)

Stiffener types T-D T-1D

Unstiffener 35.83 (2;11) 40.10 (2;11)

ubD/UD Orthogonal stiffeners 55.81 (3;8) 64.28 (3;8)
Helical stiffeners 120.78 (6;6;20;61.48)" 153.84 (6;6;20;61.48)

Unstiffener 39.59 (2;10) 44.83 (2;10)

XIX Orthogonal stiffeners 64.08 (2;6) 72.60 (2;6)
Helical stiffeners 141.96 (6;5;22;58.32) 187.92 (6;5;22;58.32)

Unstiffener 30.90 (3;12) 33.74 (3;12)

0/0 Orthogonal stiffeners 49.36 (3;8) 55.99 (3;8)

Helical stiffeners

93.39 (8;5;17;66.06)

111.22 (8;5;17;66.06)

* The buckling modes (m;n;n,,;3)

Table 3 presents the critical thermal buckling
temperatures of FG-CNTRC cylindrical shells

reinforced by helical stiffeners for three CNT
distribution patterns, namely UD/UD, X/X, and
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O/O, at three CNT volume fractions Vg

=0.12, 0.17, 0.28. A clear trend can be observed
from the table: for all distribution patterns, the
critical buckling temperature reaches its maximum

at the intermediate CNT volume fraction Vg,

=0.17, while lower values are obtained at Vi,

=0.12 and 0.28. These results indicate that
increasing the CNT content does not monotonically
improve the thermal buckling resistance, and that
an intermediate CNT volume fraction may provide
the most favorable thermo-mechanical balance for
the present shell-stiffener system. Another
important observation is that the X/X distribution
consistently provides the highest critical buckling

L.K. Hoa et al

temperature for all CNT volume fractions, whereas
the O/O distribution gives the lowest values. With
regard to the buckling mode, the values listed in the

form (m;n;nsp;S) show that the instability pattern

is also influenced by the CNT distribution. For the
UD/UD configuration, the mode remains
unchanged as (6;6;20;61.48) for all three CNT
volume fractions. For the X/X and O/O
distributions, slight changes in the axial and
circumferential wave numbers are observed when

Vg increases to 0.28, indicating that the CNT
grading pattern affects not only the magnitude of

the critical temperature but also the preferred
buckling mode.

Table 3. Critical thermal buckling temperatures AT, (K) of helically stiffened FG-CNTRC cylindrical

shells for different CNT distribution patterns and CNT volume fractions (h=2mm, R=250h, L =1.5R,
b, =h, h, =1.5h, d_ =75mm)

Vi T-D T-ID
0.12 116.11 (6;6;20;61.48) 145.76 (6,6;20;61.48)
UD/UD 0.17 120.78 (6;6;20;61.48) 153.84 (6,6;20;61.48)
0.28 113.57 (6;6;20;61.48) 142.59 (6,6;20;61.48)
0.12 136.35 (6;5,22;58.32) 177.11 (6;5;22;58.32)
XIX 0.17 141.96 (6;5;22;58.32) 187.92 (6,5;22;58.32)
0.28 133.30 (5;6;22;58.32) 174.24 (5,6,22;58.32)
0.12 90.04 (8;5;17;66.06) 105.91 (8;5;17;66.06)
0/0 0.17 93.39 (8;5;17;66.06) 111.22 (8;5;17;66.06)
0.28 88.45 (7;7;17;66.06) 104.88 (7;7;17;66.06)

Table 4 presents the critical thermal buckling
temperatures of FG-CNTRC cylindrical shells
reinforced by helical stiffeners for three stiffener

spacings, d,, =70, 75, and 80 mm, with V¢, =0.28.

The results are reported for three CNT distribution
patterns, UD/UD, X/X, and O/O, under both
temperature-dependent (T-D) and temperature-
independent (T-ID) material properties. A clear
tendency can be observed from the table:
increasing the helical stiffener spacing leads to a
reduction in the critical thermal buckling
temperature for all CNT distribution patterns and

for both material models. From a physical
viewpoint, this trend is reasonable because
reducing d,, increases the number of helical

stiffeners distributed over the shell surface, thereby
providing greater equivalent stiffness through the
smeared stiffener effect. As a result, the shell
becomes more resistant to thermally induced
instability. The buckling modes listed in the form

(m;n;nsp;S) also show that the instability pattern is
affected by the stiffener spacing. As d, increases,

the number of helical stiffeners n., decreases and
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the inclination angle & changes slightly, indicating
that the geometric layout of the helical stiffeners
influences not only the magnitude of the critical
temperature but also the preferred buckling mode.

Fig. 2 illustrates the effects of stiffener
configuration, CNT distribution pattern,
temperature dependence of material properties,
and CNT volume fraction on the postbuckling
behavior of FG-CNTRC cylindrical shells. In all
subfigures, the postbuckling response s
expressed through the relationship between the
temperature rise AT and the maximum deflection

W__./h. In Fig. 2(a), the influence of stiffener type

is clearly demonstrated for the X/X distribution
under temperature-dependent properties. The
unstiffened shell gives the lowest postbuckling
path, while the shell reinforced by orthogonal
stiffeners shows a moderate increase in the
temperature level. The shell with helical stiffeners
exhibits by far the highest equilibrium curve,
indicating a much stronger resistance to thermally
induced buckling and postbuckling deformation.
Fig. 2(b) shows the effects of CNT distribution

patterns for helically stiffened shells with V.,

=0.17. It can be seen that the X/X distribution yields
the highest postbuckling path, followed by the

L.K. Hoa et al

UD/UD pattern, whereas the O/O distribution gives
the lowest equilibrium temperatures over the entire
deflection range. This trend indicates that the X/X
grading pattern offers the most favorable stiffness
distribution for resisting thermal instability, while
the O/O pattern is less effective. The role of
temperature dependence is highlighted in Fig. 2(c),
where the postbuckling curves obtained with
temperature-independent (T-ID) and temperature-
dependent (T-D) material properties are compared
for the O/O configuration. The T-ID curve lies
entirely above the T-D curve, meaning that the
temperature-independent model predicts higher
buckling and postbuckling temperatures. This
difference reflects the stiffness degradation of the
constituent materials at elevated temperatures
when temperature dependence is taken into
account. Fig. 2(d) presents the effect of CNT
volume fraction for helically stiffened shells with the
X/X distribution under temperature-dependent
properties. An interesting non-monotonic trend is

observed: the shell with V_,,=0.17 attains the
highest postbuckling path, whereas the shells with
V. =0.12 and 0.28 exhibit lower responses. In
particular, the case V;=0.28 gives the lowest

curve among the three considered values.

Table 4. Effect of helical stiffener spacing on the critical thermal buckling temperature AT, (K) of FG-

CNTRC cylindrical shells reinforced by helical stiffeners (h=2mm, R =250h, L =1.5R, V,,;=0.28,

b, =h, h,, =1.5h)

sp

T-D

T-ID

70mm
uD/UD 75mm

80mm

116.02 (6;6;21;62.10)
113.57 (6;6;20;61.48)
111.41 (6;6;19;61.06)

145.89 (6;6;21;62.10)
142.59 (6;6;20;61.48)
139.62 (6;6;19;61.06)

70mm
X/X 75mm

80mm

136.36 (5;6;23;59.17)
133.30 (5;6;22;58.32)
130.57 (5;6;21;57.67)

178.42 (5;6;23;59.17)

170.42 (5;6;21;57.67)

70mm
O/0 75mm

80mm

90.75 (8;5;18;66.35)
88.45 (7;7;17,66.06)
86.67 (7;7;16;65.96)

107.28 (8;5;18;66.35)
104.88 (7,7;17;66.06)

(
(
(
(
174.24 (5;6,22;58.32)
(
(
(
102.49 (7;7;16;65.96)
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Fig. 2. Effects of stiffener types, CNT distributions, T-ID/T-D properties, and volume fraction of CNT on
the postbuckling behavior of shells. (a) Effects of stiffener types; (b) Effects of CNT distributions; (c)
Effects of T-ID/T-D properties; (d) Effects of volume fraction of CNT
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Fig. 3. Effects of radii, stiffener spacings, number of stiffeners, and buckling modes on the postbuckling
behavior of shells. (a) Effects of radii; (b) Effects of stiffener spacings; (c) Effects of number of stiffeners;
(d) Effects of buckling modes

Fig. 3 illustrates the effects of shell radius, buckling modes on the postbuckling behavior of
helical stiffener spacing, number of stiffeners, and FG-CNTRC cylindrical shells reinforced by helical
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stiffeners. In all four subfigures, the postbuckling
response is represented by the relation between
the temperature rise AT and the normalized
maximum deflection W__ /h.

Fig. 3(a) shows the influence of the shell
radius R for UD/UD shells with helical stiffeners. It
can be seen that increasing the radius from 250 h
to 260h and then to 270h leads to a continuous
reduction in the postbuckling path. The shell with
R=250h exhibits the highest temperature level,
whereas the shell with R=270h gives the lowest
one. This trend indicates that larger-radius shells
are more susceptible to thermally induced
instability.

The effect of helical stiffener spacing is
presented in Fig. 3(b) for the X/X distribution. A
clear trend is observed: as the stiffener spacing
increases from d, =60 mm to 75 mm and 80 mm,

120 ——T:n, - 17,5~ 66.06 (7:7:17:66.23)
—2in,, = 15,5=69.02 (6:8;15:69.02)
—3in, - 12,8=73.35(59:12:73.35)

sp

00, T-D, b =2mm, R — 250h,
00 L =0.75m, V(-?-‘,; 0.28, b-\ﬁ =h,
h, —1.5h,d,~ 75mm.

1
» Csp
) 1
o
-

Helical stiffeners
60 1 L 1

0.4 -0.3 0.2 -0.1 0
w_ Ih

max’

(c)

AT (K)

L.K. Hoa et al

the postbuckling curves shift downward.
Fig. 3(c) examines the influence of the
number of helical stiffeners n, for the O/O

distribution. The results show that increasing the
number of stiffeners from 12 to 15 and 17
significantly raises the postbuckling equilibrium
path. In other words, a larger number of helical
stiffeners improves the thermal postbuckling
resistance of the shell.

Fig. 3(d) highlights the effect of buckling
mode for the O/O configuration. Three mode
combinations are considered, and the results show
that the mode (m,n)=(7,7) vyields the lowest

postbuckling path, while (m,n)=(7,10) gives the
highest one, with (m,n)=(7,4) lying in between.

This indicates that the postbuckling response is
highly sensitive to the assumed instability mode.

15 r{—T:m=7,n=4
—2m=T,n=T7
—3m=7T,n=10

0/, T-D, h = 2mm, K — 2504,
05 FL=075m, V), =028, b,=h,
hy, = L5k, d,, = 75mm, n, =17,

[Iclical stiffeners

—_

85

-0.4 -0.3 W ih 02 0.1

(d)

Fig. 3. (continued)

6. Conclusions

This study presents an analytical
investigation into the thermal buckling and
postbuckling behavior of FG-CNTRC cylindrical
shells reinforced by FG-CNTRC stiffeners under
uniform temperature rise. A unified formulation
incorporating both orthogonal and helical stiffeners
is developed based on the smeared stiffener
technique. The governing nonlinear equilibrium
equations are established using the Donnell shell
theory with von Karman geometric nonlinearity,

and the Ritz energy method is employed to derive
analytical expressions for the critical buckling
temperature and postbuckling response.

The numerical results demonstrate that the
presence of stiffeners significantly enhances the
thermal stability of FG-CNTRC cylindrical shells.
Among the considered configurations, helical
stiffeners  provide a substantially greater
improvement in both buckling resistance and
postbuckling stiffness compared to conventional
orthogonal stiffeners.
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The influence of CNT distribution patterns is
also found to be pronounced. The X/X distribution
consistently yields the highest critical buckling
temperatures and most favorable postbuckling
paths, while the O/O pattern gives the lowest
performance, with the UD/UD distribution lying in
between.

In addition, the effect of CNT volume fraction
exhibits a non-monotonic trend. For the examined

cases, V(;=0.17 gives the highest thermal

buckling resistance among the considered CNT
volume fractions.

The comparison between temperature-
dependent (T-D) and temperature-independent (T-
ID) material models reveals that neglecting
temperature  dependence leads to an
overestimation of the critical buckling temperature
and postbuckling strength.
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