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Abstract: This paper presents an analytical investigation of the nonlinear
dynamic buckling behavior of hollow-core functionally graded graphene-
reinforced composite (FG-GRC) circular toroidal shell segments subjected to
rapidly increasing external pressure. The shell structure is composed of FG-
GRC face sheets and a porous core, and is reinforced by orthogonal and
helical stiffeners. The mechanical response of the stiffeners is modeled using
anisotropic beam theory, while a coordinate transformation approach is
employed to incorporate the effects of inclined stiffeners into an equivalent
smeared formulation. The governing equations are established based on
Donnell’s shell theory in conjunction with von Kdrman geometric nonlinearity,
accounting for thermal effects and material gradation. By introducing an
appropriate displacement field and stress function, the problem is reduced to
a set of nonlinear ordinary differential equations through the Galerkin method.
The dynamic response under linearly time-dependent pressure is obtained
using a fourth-order Runge-Kutta scheme. The dynamic buckling load is
determined according to the Budiansky-Roth criterion. Numerical results are
presented to examine the influences of porous core configuration, graphene
distribution patterns, stiffener arrangement, geometric parameters, loading
rate, and temperature on the dynamic stability of the shell segments.
Keywords: Functionally graded graphene-reinforced composite (FG-GRC),
Toroidal shell segments, Nonlinear pressure buckling, Dynamic problem,
Helical stiffener.

1. Introduction
Shell

conical shells,

attention in engineering applications owing to their

structures of revolution,
cylindrical shells, toroidal shell segments, and
have attracted

high load-carrying efficiency and structural
adaptability. These geometries enable effective
resistance against various types of mechanical
actions, including axial compression, external
pressure, and torsional effects. As a result, they are

such as

considerable
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extensively employed in critical structural systems,
such as pressure vessels, pipelines, aerospace
components, and marine structures, where both
strength and stability are of primary importance.
The mechanical responses of functionally
graded material (FGM) cylindrical shells have been
widely investigated using a variety of advanced
theoretical and numerical approaches. Gao et al.
[1] examined the nonlinear dynamic buckling of
orthotropic FGM cylindrical shells subjected to
longitudinal velocity, taking into account initial
geometric imperfections and damping effects
within the framework of an improved Donnell shell
theory combined with von Karman-type
nonlinearity. Liang et al. [2] developed a semi-
analytical formulation based on the differential
quadrature method together with Durbin’s inverse
Laplace transform to study transient vibration
characteristics, highlighting the  significant
influence of temperature variations on peak
displacement responses. Ramezani et al. [3]
further explored the nonlinear dynamic behavior of
sandwich FGM cylindrical shells with shape
memory alloy cores by employing higher-order
shear deformation theory (HSDT) and semi-
assumed natural strain fields, while incorporating
coupled thermo-mechanical effects. In addition,

Shen [4, 5] investigated the postbuckling
responses of hybrid FGM cylindrical shells
integrated with piezoelectric actuators,

demonstrating the pronounced impact of thermo-
electro-mechanical coupling on structural stability.
The vibration behavior and principal parametric
resonance of FGM cylindrical shells under
stochastic and magneto-thermo-elastic excitations
were also reported in [6, 7]. More recently, Nam et
al. [8] analyzed the nonlinear response of FGM
cylindrical shells reinforced with helical stiffeners
under torsional loading conditions, revealing that
helical stiffening configurations provide superior
buckling and postbuckling performance compared
to conventional orthogonal stiffeners.

In addition to conventional FGM structures,
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carbon nanotube-reinforced composite (CNTRC)
cylindrical shells have also been extensively
studied due to their enhanced mechanical
performance and multifunctional capabilities.
Numerous investigations have focused on the
influence of functionally graded distributions of
carbon nanotubes on both stability and dynamic
responses under various loading conditions. Shen
[9, 10] conducted comprehensive analyses on the
postbuckling behavior of FG-CNTRC cylindrical
shells subjected to axial compression and external
pressure, incorporating the effects of thermal
environments and large-deflection nonlinearities.
Asadi and Wang [11] examined aeroelastic
buckling and flutter characteristics of FG-CNTRC
cylindrical shells in supersonic airflow by
employing the first-order shear deformation theory
(FSDT) in conjunction with the quasi-steady
Krumhaar modified piston theory. Using the same
theoretical framework, Sun et al. [12] investigated
nonlinear forced vibrations through the application
of the harmonic balance method. Meanwhile, the
free vibration characteristics of skew FG-CNTRC
cylindrical shells were analyzed by adopting a
Chebyshev-Ritz approach within an oblique
coordinate system [13]. Furthermore, Ansari et al.
[14] explored the vibration behavior of sandwich
FG-CNTRC cylindrical shells under internal
pressure using the variational differential
quadrature method combined with higher-order
shear deformation theory. The role of stiffening
elements was also addressed by Dong et al. [15],
who demonstrated that the incorporation of FG-
CNTRC stiffeners, modeled via an improved
anisotropic smeared technique, can significantly
enhance the nonlinear buckling resistance of
cylindrical shells.

Functionally graded graphene-reinforced
composite (FG-GRC) cylindrical shells and toroidal
shell segments have been widely investigated due
to their superior stiffness, strength, and thermal
resistance compared to conventional composites.
Considerable efforts have been devoted to
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understanding their stability and dynamic
characteristics under various loading conditions.
Shen and Xiang [16—18] examined the static and
postbuckling behavior of FG-GRC cylindrical shells
subjected to combined mechanical and thermal
loads, demonstrating that appropriately tailored
graphene distributions can significantly enhance
structural stability, whereas elevated temperatures
tend to reduce critical load levels. More generally,
Li et al. [19] further highlighted the importance of
imperfection-sensitive modeling in postbuckling
predictions for anisotropic laminated cylindrical
shells. For stiffened configurations, Phuong et al.
[20] proposed an improved smeared stiffener
formulation that incorporates anisotropic effects,
showing that FG-GRC stiffeners markedly increase
buckling resistance, particularly in
thermomechanical environments. In terms of
dynamic behavior, Shen et al. [21] investigated
nonlinear vibration responses and reported that
both temperature variations and graphene grading
patterns play key roles in governing dynamic
stability. Lei and Tong [22] also analyzed low-
velocity impact responses, emphasizing the
influence of material gradation on transient
structural performance. With regard to toroidal
shell segments, Dong et al. [23] employed the Ritz
method to study the nonlinear torsional buckling of
sandwich shells with FG-GRC face sheets,
revealing the beneficial effects of corrugated cores
on structural stability. Similarly, Phuong et al. [24]
examined the nonlinear buckling of auxetic-core
toroidal shell segments under radial loading,
demonstrating that auxetic cores combined with
FG-GRC layers can substantially improve
postbuckling strength. Related investigations on
conical shells and plate structures were conducted
by Kiani [25] and Abbaspour et al. [26] using the
first-order shear deformation theory. In addition,
functionally graded graphene platelet reinforced
composites (FG-GPLRC) have been explored for
both cylindrical and toroidal shells, further
enriching the understanding of graphene-based
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composite structures. More recently, the nonlinear
vibration and dynamic buckling of stiffened FG-
GRC panels with complex curvatures were
analyzed using the energy method in combination
with an approximate stress function approach [27].
The static buckling and postbuckling problems of
FG-GPLRC and FG-CNTRC cylindrical shells and
toroidal shell segments stiffened by FG-GPLRC
and FG-CNTRC stiffeners, respectively, subjected
to external pressure and axial compression were
also studied [28-31].

Despite extensive studies on FGM, CNTRC,
and FG-GRC shell structures, limited attention has
been paid to the nonlinear dynamic buckling under
transient loading, particularly for shells subjected to
rapidly increasing external pressure. Moreover, the
coupled effects of porous core configurations and
graphene gradation on dynamic stability remain
insufficiently understood. Existing works on
stiffened shells have also mainly considered
orthogonal or helical stiffeners separately, while
their combined influence has not been adequately
addressed. In addition, studies on the dynamic
stability of FG-GRC toroidal shell segments are still
scarce.

Motivated by these limitations, this study
develops an analytical model for the nonlinear
dynamic buckling of hollow-core FG-GRC circular
toroidal shell segments reinforced by combined
orthogonal and helical stiffeners under rapidly
increasing external pressure. The formulation is
based on Donnell’s shell theory with von Karman
nonlinearity, incorporating material gradation,
porous core effects, and thermal conditions. The
governing equations are derived using an energy
approach and reduced via the Galerkin method to
a system of nonlinear time-dependent equations,
which are solved by a fourth-order Runge-Kutta
scheme. The dynamic buckling load is determined
using the Budiansky-Roth criterion, and parametric
studies are performed to evaluate the effects of
structural and material parameters on dynamic
stability.
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Fig. 1. Geometry and coordinate system of hollow-core FG-GRC circular toroidal shell segments
with orthogonal and helical stiffeners.

2. Geometry and material modeling of FG-GRC
circular toroidal shell segments with porous
core

Consider a hollow-core FG-GRC toroidal
shell segment
subjected to uniformly distributed external pressure

g. The shell is characterized by the circumferential

reinforced by stiffeners and

radius R, thickness h, meridional radius a, and
length L, as illustrated in Fig. 1.
A Cartesian coordinate system Oxyz is

defined such that the origin is located on the mid-
surface at the shell edge, with the x -axis along the

meridional direction, the Yy-axis along the

circumferential direction, and the z-axis oriented in
the thickness direction toward the shell center. The
shell structure is reinforced by meridional,
circumferential, and helical stiffeners. The
geometric parameters of these stiffeners, including
their heights, widths, and spacings, are denoted by
h,h.,h_, b ,b.,b_,and d,d.,d

st?" riv 'sp Y st? i’ Msp? st? ~ri? Yisp 2

respectively.

For simplicity, these parameters are assumed to be
identical for all stiffener types in the present study,
i.e., hy=h,=h_=h, b,=b,=b =b, , and

dst :dri = dsp :ds'
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The inclination angle y of the helical
stiffeners with respect to the meridional axis Ox is
related to the number of helical stiffeners n,, and

their spacing d., . This relationship can be

nspdsp
expressed as y =arccos R
T

The graphene sheets exhibit two principal
crystallographic directions, namely the zigzag and
armchair orientations. In the present study, the
zigzag direction is aligned with the longitudinal
direction of the shell, corresponding to the 0° layer,
while the armchair direction is associated with the
circumferential direction, corresponding to the 90°
layer. The face sheets and the stiffeners are
composed of multiple graphene-reinforced
composite (GRC) layers, and for simplicity, a
representative stacking sequence of (0) is
adopted.

Three types of graphene distribution are
considered, including uniform distribution (UD) and
two functionally graded patterns [16-18], namely
FG-X and FG-O. For the FG-O configuration, the
graphene volume fraction varies symmetrically
about the mid-plane according to the sequence
[0.11/0.09/0.07/0.05/0.03]s, whereas the FG-X
pattern follows the reversed sequence
[0.03/0.05/0.07/0.09/0.11]s. In contrast, the UD
distribution assumes a constant graphene volume
fraction across all layers (V; =0.07).

The core layer is assumed to consist of the
same material as the matrix phase. The effective
mechanical and thermal properties of the porous
core, namely Young’'s modulus, thermal expansion
coefficient, and Poisson’s ratio, are determined by
considering the influence of porosity, estimated as

E,=Ey|1-¢€,cos Tz : —h°°<z<h°°,
heo 2 2

Oy = Oy (1)
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where e, (0 <e, <1)is the porosity coefficient.

By combining the GRC face sheets, porous
core layer, and GRC stiffeners, three structural
configurations are established, denoted as UD-PC-
UD/UD, X-PC-X/X, and O-PC-O/O. In this paper,
the material parameters of graphene and the
matrix are referred to the researches of Shen and
Xiang [16-18].

3. Governing equations

In this study, the Donnell shell theory
combined with von Karman geometric nonlinearity
is employed to establish the governing equations
for the nonlinear dynamic stability analysis of FG-
GRC toroidal shell segments subjected to external
pressure. The strain components through the shell
thickness at a distance z from the mid-surface can
be expressed as follows [23, 24]

Sx 8x W,xx
a0 |_
e, [=|& |—z|w, | (2)
~0
Ty | | Ty 2w,

where &° and é‘;

denote the in-plane normal
strains, and ygy represents the in-plane shear

strain at the mid-surface of the shell, and

& u,—w/a+w?/2

A0 | 2

& |=|-W/R+v, +w? /2], 3)
ygy V W, W o+U

where u=u(x, y), v=v(x y), and w=w(x, y)
are the displacement components along theXx, y
and z -directions, respectively.

The strain compatibility equation of the shell

can be derived from Eq. (3) and is expressed as
follows

A0 ~0 A0
Eyax T Vayy TExyy =

2 1 1 (4)
Wiy = WouWyy =~ Wy = W

The constitutive relations for FG-GRC
toroidal shell segments are established based on
Hooke’s law and can be written as follows
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~

=Q,e, + CAlmsy —o,AT,
= éusx + ézzsy — 0, AT, (5)
ny = Q66yxy’
where the reduced stiffnesses for the shell skin
é _ E. é _ voEq
11 ’ 12 ’
1= ViV, 1= ViV,
" E -
Q22 :ﬁ, Qee :G12’
12V%21
and for the porous core
- - E - v,,E - E
Q:Q CO,Q: MCO,Q: co ,
R T T A TC PRV

The FG-GRC stiffeners are modeled as
anisotropic beams, and their mechanical
contributions are incorporated into the shell
behavior by employing the smeared stiffener
technique. Furthermore, a coordinate
transformation technique is applied to account for
the helical stiffeners, allowing their forces and
moments to be consistently integrated into the
global force and moment resultants of the shell, as
follows

Nx A11 A12 0 Bﬂ é12

N, | [A, A, 0 B, 8,
Ny | |0 0 A, 0 0 éaﬁx
MX éﬂ é12 0 If)11 If)12

my 8, B, b, D,

Y] | 0 O e 0 0 Dg
o] 5, (6)
& (i)w

Bl |y

W chx

-w,, d,,

_—2wyxy_ 0|

where

A11 = A:? + 51'&?1 + 2112'&15‘1304’

~

>

_ ASh | — Rri — ASpad
22 = Ay + LA, + 2ILALS,
A _ Ash — ASPa2A2
A, =Ag; +20,A08C
A _ Ash — ASPo2A2
Ags =Ags +2[,ASC
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é11 = é:? + l?l1é1811 + 2ﬁ2é1s1pc4!
ézz = éig + l]Brziz + 2112@1823341
é12 Zé?S + 21712@155)3202

By, =B +2[1,Bsc?

I:")11 = Ii\)15}11 + l]1|j15t1 + 2}]2615?04
1522 Ij 2t “1D22 + 2H2D$‘1)S
I:")12 I512 + 2“2D1S?S

O

66 _DSh +2M2D1S?S
'y 2p2®ff (c®+s%c?),

S

w =05 +1d
D, = + M(DS‘ +21,®3 (c® +s°¢?),
d,, =0y + LD} +2[,d5 (c6 +s%c?),

b, = DY) +1,d5, + 21,0 (c® +s°¢?),

s =siny, C =COsY,

where [, and p, are indicator coefficients used to
characterize the presence of stiffeners. The case
i, =1, p, =0 corresponds to orthogonal stiffeners,

represents helical stiffeners,

FH =0, Hz =1
whereas [, =0, [, =0 denotes the unstiffened

configuration, and

(A8 o) =" @, (z)(1,z,z2)dz, (Li=126),

i 120 1 j h/2

sh s w2 | Qi (Z) o (2) + 22\ dz
(q)1x’cD ) I h/2 12 (Z) oy, (Z) (1’ )d ’

sh ssh) _ (N2 Q12 (2)0‘11(2) 22\ dz
(q)w’q)zy) J‘fh/z Q22 (Z)%g (Z) (1: )d )

(cht q)st) ((Dsp (Dsp)

1x? 1x

Bls) 12 [ (Z))“” =) +](1 2*)dz

d h/2

(st.sp)

i @i\ Da 2 2(2) o (2)
((I) 0 ) [622

v dri W2 (Z)Olzz (Z) ](1’Zz)dz,

The equivalent stiffness coefficients of the
meridional and inclined stiffeners, namely

AlSP) Bl=) (%) grg obtained as follows:
éﬁtysp) 6(151t,sp) B:1 D:1 B:Z 0 D;z 0
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A, 0 B, O A
x (3 A66 (? 866 (3 ? , (7)
BZZ 0 D22 O B12 D66

0 B, O D,| |0 o

where

b N R
(AIJ’BIJ’D ) (st,sp) Ih/Z Nst.sp) Qij (1’ Z,Zz)dZ,

d(st,sp) 2 (8)
(ij=126)

It is worth noting that the stiffness coefficients
of the circumferential stiffeners, A7,,B,, and D", ,

are obtained by exchanging the indices “11” and

“22”. Furthermore, the parameters b and

st sp

d are substituted by b, and d., respectively.

(st.sp) fis
The Airy stress function (f)(x,y) can be

introduced to satisfy the following equilibrium

conditions

N, =, N, =@ Ny =—0,- (9)
Substituting Eq. (9) into Eq. (4) yields the

following expression

~

A;Z(‘b,xxxx + (A;GS + 2A:2 )(b,xxyy + A11(p YYYy
+ (B, + By, - 2B, )W,
- 1 1

+é;1w,xxxx (1 0)

2 _
+B12w’yyyy W, tW W+ Ew,xx + ;w’yy =0.
where
A _ A22 A _ A11

"TRA, AL T2TRA AL
1177322 12 11722 7 M2
A Ay a1
TR A, AL TR
1122 7 M2 66
B11=A11B11+A12 123
Bzz = Azszz + A1zB12’
B12 = A11B12 + A12822’
B, = AnBl, +AB,, Bl —o®
21 = AgbDyp + ApDyy, 66 — n
Aee

4. Assumed deflection form and solution
procedure

Consider FG-GRC toroidal shell segments
subjected to external pressure with simply

N.T. Phuong et al

supported boundary conditions at both ends,
presented as

w=N,=N, =M, =0 atx=0,x=L. (11)

An approximate analytical form of the

deflection is assumed as follows [24]
w =W, + W, sina_xsinby + W, sin*a,_x (12)

where a =? and b, , and it can be seen

that the deflection form satisfies the boundary
conditions (11) in the average sense.

Substituting the assumed deflection function
(12) into Eq. (10), the corresponding stress
function is obtained as follows
¢ =@, cos2a x+d,cos2b y+

+¢, sina, xsinb.y + (13)
X2
+¢, sin3a_xsinb.y — ooyh?,

where
¢, =k,W, + k2W12’ ¢, =k3W121
(ba = k4W1W2 + k5W1’ (b4 = k6W1W2’
_4Ra’B;, 1 ‘ by | a
1= 5 Ky = ———=,

8Raf1A22 32a§]A22

b2 2
azA,, +aZb? (A +2A12)+b4A11’

K, =-

Kk = a R
5 2 4
aiA,, +azb? (Aq +2A5, ) +biA;,

aiB,, +azb? (B;, +B;, - 28,
as A, +a2b? (A +2A% ) +biAL,
b2 2
“g1a‘A, +9b%a 2(A +2A,, ) +biA;

k

Furthermore, the closure condition for the
toroidal shell segments is formulated
averaged form as follows [23, 24]

in an

27R L 2nR L

Hv dxdy = HL +———dedy 0 (14)

The circumferential stress o, can be

derived from Eq. (14) after some algebraic
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simplifications, and is expressed as
oy = Ve OO Wy

2RhA,, 8hA22 RhA22

(@, A, + D, Ay, AT

hA;2

The Lagrangian of the system, including the
kinetic and potential energies, can be expressed as
follows
A =A —A, +A,

(15)

+

(16)

Total
The elastic strain energy stored in the shell
can be expressed as
+G €y +0.€E

h/2 27R L
12 2 (nyvxy V&y

dxdydz. (17)
—0,0.,AT — 5, 0, AT

"2 -h/2 0 0
The work of the external pressure load acting

on the shell is given by
2nR L

Ay = j jqwdxdy. (18)
0 0

The kinetic energy of the shell structure can
be expressed as

1 h/2 27R L

_[ _[ J'p(z)widxdydz

The damping potential function is defined
based on the Rayleigh dissipation function as

(19)

2nR L

d, 1 [ [owldxdy. (20)
2 00 Y

The governing equations of motion are
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H,, W, W, +H,, W2 +H,, W, W, +H,, W, W,

tH,, W, +H,, W,AT + Wy

|1W

(23)

1:0

H31 WO + H32 VV2 W12 + H33 W12 + H34 W2 - q

c(8W, +6W, ) +|1(8v'v0 +6W, )

(24)

+H,, AT +
where
2
H,, = 22“*‘, H,=- b,:* J
R°A,, 4RA,,
1
135 o
RzA22
oo 20, A, +2A,, D,
15 = ~ ’
RA,,
b2
T TS
2RA,,

8

64k2a* A2 + 64A11k 2b*A,, +b? /8

H
2 = 2A22

Hy, = (32k,k, +kok, )atA,, +kk, Al b? +
+(2A5, +Ag )kok,azb? ~b2 /(4RA, ),

~

11 (812 +K3)an Ay, + AL (k] +k2 )by

obtained by applying the Euler-Lagrange
formulation, as follows
i aA'!'otal _aATotaI + adc =O

dt\ aWw, | aw, ow,
i aA'I:otal _aATotaI ad«: =0 (21)
dt| ow, oW, ow,
i aA'!'otal _aATotaI + adc 20_

dt{ ow, oW, oW,

By incorporating Eq. (16), Eq. (21) is

transformed into the following form

H. W, +H, W2 +H.W, -2q+

11 0 12 1 13 2 (22)

+H15AT+C(2W0 +W2)+I1(2W0 +W2)=0

H,, =—
U204 (2R, + Ay ) (9K2 +K2)a2b?
Ho - 1 (Azzkg - |E1*1)a$ +(A;1k§ - ﬁgz)b: +
T2\ (2A, A K -F - - 4F Jatn? |
(qA)wAgz + qu ci)1x )bﬁ 1
H27 = ~ 31T Loar !
2A,, R?A,,
1] an (K + 812 ) Ay, +(2A], + Agg ) x
" (9K2 +k2)a b2 +A:, (K, +k2 )b}
[16k k, + k k )A;2+
(2A12 + Aee)k5k4a§1b§ b?
2| 4k kA b 8RA;,’
1
H,, =16k%a*A,, —4a‘F, +———,
22 m’ 11 2R2A22
qA)1yA;2 + qA)1xA12
H37 = ~ )

I"“22
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h/2 h/2+hg

l, = I p(z)dz+ﬁ1% f p(z)dz

~h/2 st h/2

h/2+h, b hj2+h,

+ﬁ1d—rf J‘ p(z)dz+2rt2d—sp I p(z)dz,

i hy/2 sp h/2
S _BB, +B.B8,-D,,
S _BB, +BLB, D,
= BB, +B.8, D,
F, =B,B,, +B,,B,, -D,,,
Aés = é%s éss - 666'

FG-GRC toroidal shell segments are
subjected to an external pressure increasing

linearly with time, expressed as q=q,t, where q,

(Pals) represents the loading rate. The governing
equations (22-24) are solved numerically using a
Runge-Kutta scheme. The total deflection is taken
as W__ =W,+W,+W,,

and the dynamic

buckling load is determined based on the
Budiansky-Roth criterion, which defines dynamic
instability as a sudden qualitative change in the
total deflection under gradually increasing load.
The upper static buckling load is determined
by neglecting the nonlinear and inertial terms in

Egs. (21-24). Solving the resulting simplified
system yields
T,e + T,,AT
Quoper = _%_ (25)
27

Table 1. Comparison of static buckling loads q

upper

N.T. Phuong et al

where
H,,(-H,, T,s +2
T27: 31( |1_|2 = )+T15H33_17
1
H, HT.
Tzs :_%—FTBHSS’
11
Hyy(—H,, T, —H
T21o: 31( 1|2_| 2 15)+T16H33+H37’
11
2H
T = THH, —hLR,
117 122 7 T2t 21
T.-— H25H11
B HHy, —HH,,
117 122 7 T2l g
_ _H11H27 _H15H21

° H11H22 _H12H21 .

Considering all possible buckling modes,
the static critical load is obtained by selecting the
minimum value among all upper-bound buckling
loads.

5. Numerical results and discussion

Table 1 presents a comparison between the
present results and available data in the literature
for the static buckling loads of FG-GRC cylindrical
shells. It can be observed that the results obtained
in this study are in very good agreement with those
reported by previous authors. The discrepancies
between the present predictions and the reference
results are relatively small, indicating the high
accuracy and reliability of the proposed analytical
model.

(in kN) of FG-GRC cylindrical shells with available

results in the literature ((0)10,R/h =20,h=2mm, T = 300K).

2/Rh Shen and Xiang [16] Present
ub FG-X ub FG-X
100 20.231 (1;4) 22.162 (1;4) 20.885 (1;4) 23.087 (1;4)
300 11.173 (1;3) 12.082 (1;3) 11.335 (1;3) 12.346 (1;3)
500 9.525 (1;3) 10.426 (1;3) 9.678 (1;3) 10.671 (1;3)
"The buckling modes (m;n).
Table 2 compares the static and dynamic has a pronounced influence on buckling

buckling loads of hollow-core FG-GRC cylindrical
shells and toroidal shell segments with helical
stiffeners under different temperatures and loading
rates. It is clearly observed that the shell geometry

resistance. Among the considered configurations,
the convex toroidal shell segment (a = 4R ) exhibits
the highest buckling load, followed by the
cylindrical shell (a=w), whereas the concave
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toroidal shell segment (a =-4R) gives the lowest
values over the entire temperature range. For
example, at T =300 K, the static buckling loads are
2.544 MPa for the convex shell, 1.480 MPa for the
cylindrical shell, and only 0.852 MPa for the
concave shell. A similar order is maintained for the
dynamic buckling loads at both loading rates.
Another important observation is that the dynamic
buckling loads are consistently higher than the
corresponding static values for all shell types. This
difference becomes more noticeable as the loading
rate increases from 10° to 2x108 Pa/s, confirming
the significant role of inertial effects under rapidly
increasing pressure. For instance, for the convex
shell at T =400 K, the buckling load increases from
2.268 MPa in the static case to 2.308 MPa and
2.328 MPa for the two dynamic loading rates,
respectively. The same trend is also seen for the
cylindrical shell and the concave shell.

Table 2 also indicates that temperature has a

N.T. Phuong et al

detrimental effect on buckling capacity. As the
temperature increases from 300 K to 500 K, both
static and dynamic buckling loads decrease for all
geometrical configurations. For the convex shell,
the static buckling load decreases from 2.544 MPa
at 300 K to 2.166 MPa at 500 K. Likewise, the
corresponding values for the cylindrical shell
decrease from 1.480 MPa to 1.266 MPa, while
those for the concave shell reduce from 0.852 MPa
to 0.727 MPa. This reduction can be attributed to
the degradation of the effective stiffness of FG-
GRC materials at elevated temperatures. In
addition, the buckling mode remains almost
unchanged for each shell type as the loading rate
varies, whereas slight changes may occur with
increasing temperature. The convex shell is mainly
associated with the mode (1;6;11;74.78) at 300 K
and 400 K, which changes slightly to (1;6;12;73.35)
at 500 K. A similar trend is observed for the
cylindrical and concave shells.

Table 2. Comparison of static and dynamic buckling loads for FG-GRC cylindrical shells and
toroidal shell segments under different geometric configurations (MPa, UD-PC-UD/UD, h = 2mm,

h, =80h, e,=0.3, R=80h, L=1.5R, b, =h, h_ =1.5h, d, = 24mm)

Dynamic

T(K Stati
(K) atie g, = 10°(Pals) g, = 2x10°(Pals)
300 2.544 (1:6;11,74.78)" 2.563 (1:6;11;74.78)  2.572 (1:6,11:74.78)
Convex shell
(5 dR) 400 2268 (1:6:11:74.78) 2.308 (1:6:11;74.78) 2.328 (1:6;11:74.78)
500  2.166 (1:6:12:73.35)  2.202 (1:6;12:;73.35)  2.222 (1:6:12;73.35)
T 300 1480 (1,5:14:70.47) 1.500 (1:5,14;70.47)  1.514 (1,5:14:70.47)
Cylindrical shell
(o) 400  1.323 (1:5:14:70.47)  1.360 (1;5;14:70.47)  1.391 (1:5:14:70.47)
=00
500  1.266 (1:5:15:69.02) 1.346 (1:5:15;69.02)  1.433 (1:5:15:69.02)

300  0.852 (1;4;18;64.55)

Concave shell
(a=-4R) 400

0.760 (1;4;18;64.55)
500  0.727 (1:4;18:64.55)

0.892
(1;4;18;64.55)
0.839 (1;4;18;64.55)
0.787 (1;4;18;64.55)

0.877 (1:4;18;64.55)

0.806 (1;4;18;64.55)
0.765 (1;4;18;64.55)

2 The buckling modes (m;n; nsp;x)

Table 3 shows that both the stiffener
configuration and graphene distribution have
significant effects on the static and dynamic
buckling loads of convex hollow-core FG-GRC

toroidal shell segments. For all material models,
the unstiffened shells exhibit the lowest buckling
loads, the orthogonally stiffened shells provide a
substantial improvement, and the helically stiffened
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shells give the highest values. For example, in the
UD-PC-UD/UD configuration, the static buckling
load increases from 0.724 MPa for the unstiffened
shell to 1.775 MPa for the orthogonally stiffened
shell and further to 2.268 MPa for the helically
stiffened shell. The same trend is maintained for
the dynamic cases at both loading rates. The
results also indicate that the graphene distribution
strongly influences the buckling resistance. Among
the three investigated material configurations, UD-
PC-UD/UD gives the highest buckling loads,
followed by X-PC-X/X, while O-PC-O/O yields the

N.T. Phuong et al

lowest values for all stiffener cases. In addition, the
dynamic buckling loads are consistently higher
than the corresponding static values, and they
increase as the loading rate rises from 10° to 2x10°
Pa/s, confirming the beneficial role of inertial
effects under rapidly increasing pressure. Finally,
the buckling mode is affected by the stiffener type.
The unstiffened shells are predominantly
associated with the mode (1;8), whereas the
orthogonally and helically stiffened shells generally
exhibit different buckling modes, mainly with lower
circumferential wave numbers.

Table 3. Effects of stiffener configurations and graphene distribution patterns on the dynamic buckling
loads of FG-GRC toroidal shell segments (MPa, a=4R, h=2mm, h,, =80h, e, =0.3, T = 400K,

R=80h, L=15R, b,=b, =b_ =h, h,=h, =h_ =1.5h, d, =d =d_ = 24mm, n =10, n = 42)

_ _ Dynamic
Stiffener types Static o= 105(Pals) c= 2x105(Pals)
Unstiffener 0.724 (1;8)2 0.739 (1;8) 0.798 (1;8)
Orthogonal stiffener 1.775 (1;6) 1.808 (1;6) 1.825 (1;6)
oD Helical stiffener 2.268 2.308 2.328
(1;6;11;74.78)° (1;6;11;74.78) (1;6;11;74.78)
Unstiffener 0.677 (1;8) 0.692 (1;8) 0.701 (1;8)
Orthogonal stiffener 1.665 (1;6) 1.695 (1;6) 1.713 (1;6)
X-PC-X/X
o Helical stiffener 2.130 2.166 2.188
(1;6;11;74.78) (1;6;11;74.78) (1;6;11;74.78)
Unstiffener 0.646 (1;8) 0.661 (1;8) 0.669 (1;8)
Orthogonal stiffener 1.592 (4;7) 1.621 (4;7) 1.638 (4;7)
-PC-
oreen Helical stiffener 2.011 2.046 2.070
(1;6;12;73.35) (1;6;12;73.35) (1;6;12;73.35)
30 o — _ —_— Unqt]ffener(],g) 35 X-PC-X/X_ h=2 ho =08k _l:d‘. *20“’[]1’1([,5.147383)
EE ;(Sh l}Di”]L;; a %ﬂ]}? :‘“: 0{_)3;811’ — 2: Orthogonal (1;6) R= 80h,;L’— 1_512121’_ :{)R, b, a2 d; =24mm (1;6;10;76.19)
T=400i{, b= b“’: b;p—];, ,11”_ = 16, — 3. Spimal (1;6:1174.78) | 28 1= 300K, e =03 hy, = 1.5k, ——3: = 30mm (16:7:77.94)

ny = 42 hrr = hs‘r = hw = 1'5]17 drf = d\‘( =
[go =106 Pa/s, ¢ = 100 N.s/m?.

d, =24mm,

sp

Convex shell

0 1

0.6 1.2 1.8 24

g (MPa)

(a)

g, = 10° Pafs, ¢ = 100 N.s/m?,

21t
=
f 14 3 2
7 -
23

2.1

1
Convex shell
Spiral stiffeners
2

2.5 v

q (MPa)

(b)

Fig. 2. Effects of stiffeners and stiffener spacing on the dynamic buckling behavior of toroidal shell
segments. (a) Effects of stiffeners; (b) Effects of stiffener spacings
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Fig. 2 illustrates the effects of stiffener type
and stiffener spacing on the dynamic buckling
behavior of convex toroidal shell segments. As
shown in Fig. 2(a), the dynamic buckling resistance
is markedly improved by the presence of stiffeners.
The unstiffened shell exhibits the lowest buckling
load, whereas the orthogonally stiffened shell
shows a significant increase, and the helically
stiffened shell provides the highest resistance. This
confirms that helical stiffeners are more effective in
enhancing shell stability under rapidly increasing
external pressure. Fig. 2(b) further shows that the
stiffener spacing has a pronounced influence on
the dynamic buckling load. As the spacing

decreases from d_, = 24 mm to 22 mm and then to

20 mm, the buckling load increases noticeably.
This trend indicates that a denser stiffening layout

30 h=2mm. R =80h | 1: Convex shell (a=4R), (1;6:11;74.78)
h =08 e =03|— 2: Cylindrical shell (a = =), (1:5;14;70.47)
L“': 1.5k b l=h |— 3: Concave shell (o =-4R), {1,4;18;64.55)
- > Yap »
T=400K, h, = 1.5k, d., = 24mm, g, = 10° Pas,
20 [ =100 N.s/md.
S ! =
g Z
=
B "l 5 E
X-PC-X/X
3 Spiral stiffeners
0
0.6 1.2 1.8 2.4
q (MPa)
(a)
1 —_ -, A 1%
® XPCXX.h=2mm. h_= 08, I7a =-3R (1:4:18:64.55)
14 Fr= 80[11—]5.‘? e1—03 —2:a=-4R (1;4;18,64.53)
12 | 7= 400K, b;p 2] —1.5h, —3: a*'sR(|4|86455)
0 d,, = 24mm, g, = 10 Pa/s, ¢ = 100 N.s/m’.
s 8 =
i6 i
X, 5
Concave shell
2 Spiral stilfeners
0
-2
0.7 0.75 0.8 0.85
q (MPa)
(c)
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leads to greater overall stiffness and improved
resistance to dynamic instability. Therefore, both
the stiffener configuration and spacing play
essential roles in the dynamic buckling
performance of FG-GRC toroidal shell segments,
with closely spaced helical stiffeners giving the
most favorable response.

Fig. 3 illustrates the influence of shell
geometry on the dynamic buckling behavior of
toroidal shell segments. As shown in Fig. 3(a), shell
type has a pronounced effect on buckling
resistance. The convex shell exhibits the highest
dynamic buckling load, followed by the cylindrical
shell, whereas the concave shell gives the lowest
value. This confirms that positive meridional
curvature is beneficial for enhancing structural
stability under rapidly increasing external pressure.

35

X PCXUX, h=2mm, i, = 08k, | \:a = 3R(L&TLTATS)
=80h, L = 15, 61_03 —2:a=4R(1;§;11;74.78)
dv} 24mm g” 10" Pa/s ¢ =100 N.s/m?.
21 F
1
14t 3 2
7 -
Convex shell
Spiral stiffeners
0 : . .
1.8 2 22 24 2.6
q (MPa)
(b)
4 rOp-PC-UDIUD, 7= 2mm, — LR =804 (1:6;11;74.78)
h =08k, I - 1.5R, a—4R — 2: R=90h (1:6;11:74.78)
"3, T= 400K, by, — 3: R =100/ (1;6;11:74.78)
30 'h_w =1.5h,d,,= 24mm, q() = 10° Pas, ¢ = 100 N.s/m?.
20 3
2 !
10
Convex shell
Spiral stiffeners
0 1 L 1
1 1.4 1.8 22 26
q (MPa)
(d)

Fig. 3. Effects of geometrical properties of shells on the dynamic buckling behavior of toroidal shell
segments. (a) Effects of shell types; (b) Effects of meridian radius (convex shells); (c) Effects of meridian
radius (concave shells); (d) Effects of circumferential radius
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Figs. 3(b) and 3(c) further indicate that the
meridional radius significantly affects the dynamic
buckling response. For convex shells, increasing
the meridional radius from a=3R to 5R leads to
a noticeable decrease in the dynamic buckling
load, indicating that stronger meridional curvature
is beneficial to dynamic stability. In contrast, for
concave shells, the influence of the meridional
radius is also evident, although the buckling loads

N.T. Phuong et al

remain much lower than those of convex shells.
This result suggests that concave curvature is
inherently less favorable from the viewpoint of
dynamic buckling resistance. Fig. 3(d) shows that
the circumferential radius also plays an important
role. As R increases, the dynamic buckling load
decreases, indicating that shells with smaller
circumferential radius possess greater stiffness
and higher resistance to dynamic instability.

3 rOPC0/0, h=2mm, i, =08k, |— e =0(L6T1,74.78)
R=80h L — 1.5R,a — 4R, b, —h, |2 ;=04 (L1:6:12:73.35)
28 | T=400K, h,, ~ 15k, d,, ~24mm, |[——3'¢1 =08 (16;12,73 35)
gy = 10° Pa/s, ¢ = 100 N.s/m?.
21 ¢
=
g 3 2 [
5 14
7 Convex shell
Spiral stitfeners
0 . .
1.99 202 2.05 2.08
¢ (MPa)
(b)

Fig. 4. Effects of core thickness and porosity coefficient on the dynamic buckling behavior of toroidal
shell segments. (a) Effects of core thicknesses; (b) Effects of porosity coefficients

12 UDPC-UDIUD, = 2mm, R= 80k | 1 e = 061 (1:4:16:67.54)
L=15R a=-4R, e, =03, b,=h — 2t h, = 071 (1:4,17:66.06)
e B 1 AP | — 30k, = 0.8% (1;4;18:64.55
T= 300{1{, hy, =13, d, = 24mm, ¢ )
g [0~ 10° Pafs, ¢ = 100 N.s/m?. Concave shell
Spiral stiffencrs
=
z 3
E4 2 1
0
08 09 | 1.1 1.2
q (MPa)
(a)
2 Srcoo = — 1: g, = 10° Pafs (1:4;18;64.55)
h =0.8h R=80h —2:g,= 1.5%10° Pa/s (1;:4:18:64.55)
L“"—ls';e 0= AR e, =03, T=31dy = 210° Pars (1:4:18:64.55)
=h, T=300K, hy, = 154, d,,,=24mm, c =100 N. s/m?.

s5p

4 \/ \/
Concave shell
%plral stiffeners

0.78 0.82
q (MPa)

(a)

WI’I'IEIX /h

e, =03, hsp =1.5h, a’wj =24mm,
10 T4, = 10° Pass, ¢ = 100 N.s/m?.
8 1 3 2 1
=6 b
B4t
2+

14 O-PC-O/0, it =2mm, h,,=08r, |~ l Ti 300K (]:,4%18:,64.55)
12 FR=80h L = 15R a = -4R b, —h |~ 2 T'=400K (1L4:18:64.55)
P | =3 T= 500K (1.4;18,64.55)

Concave shell
Spiral stiffeners

0 —7———

0.64 0.71 0.78 0.85

¢ (MPa)

(b)

Fig. 5. Effects of loading velocity and temperature on the dynamic buckling behavior of toroidal shell
segments. (a) Effects of loading velocities; (b) Effects of temperatures

Fig. 4 presents the effects of core thickness
and porosity coefficient on the dynamic buckling
behavior of toroidal shell segments. In Fig. 4(a),
increasing the core thickness ratio leads to a clear
reduction in the dynamic buckling load. The curves
shift toward lower pressure levels as the core
becomes thicker, indicating that although the shell
becomes lighter, the reduction in effective stiffness

dominates and weakens the resistance to dynamic
buckling. Fig. 4(b) shows that the porosity
coefficient also has a detrimental effect on
structural stability. As the porosity coefficient
increases, the dynamic buckling load decreases
noticeably. This trend can be attributed to the loss
of effective material stiffness caused by the higher
void content in the core layer. Therefore, both a
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thicker porous core and a larger porosity coefficient
reduce the dynamic buckling resistance of the
shell.

Fig. 5illustrates the effects of loading velocity
and temperature on the dynamic buckling behavior
of toroidal shell segments. As shown in Fig. 5(a),
increasing the loading velocity significantly
enhances the dynamic buckling resistance. The
critical pressure shifts to higher values as the
loading rate increases, indicating the important role
of inertial effects under rapidly applied loads. Fig.
5(b) shows that temperature has an opposite
influence. As the temperature increases from 300
K to 500 K, the dynamic buckling load decreases
noticeably. This reduction is attributed to the
degradation of the effective stiffness of FG-GRC
materials at elevated temperatures.

Fig. 6 shows the effects of graphene

35 - — 1; UD-PC-UD/UD (1;6;11;74.78)
fi = 2mm, h,, = 0.8, — 2: X-PC-X/X (1:6;11:74.78)

R=80h,L = 1.5R. a = 4R, : A (100
28 fe, =03, 1= 400K, b, ~h, L3 0-PC-00 1612:7335)

hy, = 1.5k, d ,=24mm, g, = 10° Pa/s, ¢ = 100 N.s/m?,

sp S

=
b 14 3 2 1
Tr Convex shell
Spiral stiffeners
0 .
2 2.1 22 23 24
q (MPa)
(a)
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distribution law and damping coefficient on the
dynamic buckling behavior of toroidal shell
segments. As seen in Fig. 6(a), the graphene
distribution pattern has a clear influence on the
dynamic buckling load. Among the considered
cases, the UD-PC-UD/UD configuration provides
the highest buckling resistance, followed by X-PC-
X/X, while O-PC-O/O gives the lowest value. This
indicates that the distribution of graphene through
the thickness plays an important role in tailoring the
stiffnress and stability of the shell. Fig. 6(b)
illustrates the effect of the damping coefficient. As
the damping coefficient increases from ¢ =0 to 100
and 200 N.s/m3, the dynamic buckling load shifts to
higher values. This trend shows that damping
suppresses vibration amplitudes and delays the
onset of instability under rapidly increasing external
pressure.

12 0-PC-O0/Q_# = 2mm. |7 1:¢=0N.s/m? (1:4;18:64.55)

b =028k }3:30;? | - = =2:¢=100 N.s/m? (1:4;18,64.55)
11 5R a= AR 75] =03 3:¢=200 N.s/m*(1:4:18;64.55)
by, =h, T=300K, hy, = 1.5h, d,, = 24mm, g, = 10° Pas.

SEEEEEEEIE

2iiid
3 113 ¥ "
Eg !
L
i
4 iyt
3] =.‘.I [
il
-1’ Concave shell
Spiral stiffeners
0 -/ L '
0.76 0.79 0.82 0.85
’ q (MPa)
(b)

Fig. 6. Effects of graphene distribution law and damping coefficient on the dynamic buckling behavior of
toroidal shell segments. (a) Effects of graphene distribution laws; (b) Effects of damping coefficients

6. Conclusion

An analytical formulation has been
developed to investigate the nonlinear large-
deflection dynamic buckling of hollow-core FG-
GRC circular toroidal shell segments reinforced by
orthogonal and helical stiffeners under rapidly
increasing external pressure. The model was
established on the basis of Donnell’s shell theory
with von Karman geometric nonlinearity, in which
the effects of porous core configuration, graphene
distribution, thermal environment, and stiffener
arrangement were taken into account. By

combining the smeared stiffener technique, the
Airy stress function, the Galerkin procedure, and
the Runge-Kutta method, the dynamic buckling
response of the shell segments was determined,
while the dynamic buckling load was evaluated
using the Budiansky-Roth criterion.

The numerical results showed that shell
geometry has a pronounced effect on dynamic
stability. Convex toroidal shell segments possess
the highest buckling resistance, whereas concave
shells exhibit the lowest one. In addition, the
dynamic buckling loads are always higher than the
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corresponding static values and further increase
with loading rate, confirming the important role of
inertial effects under transient pressure. By
contrast, elevated temperature significantly
reduces both static and dynamic buckling loads
due to the degradation of the effective stiffness of
FG-GRC materials.

The results also confirmed the beneficial
influence of stiffening and material design. Helical
stiffeners provide the greatest improvement in
buckling resistance, followed by orthogonal
stiffeners, while unstiffened shells remain the
weakest configuration. A reduction in stiffener
spacing further enhances dynamic stability. Among
the considered graphene distributions, the UD-PC-
UD/UD model yields the highest buckling loads,
followed by X-PC-X/X and O-PC-O/O. Moreover,
increasing the porous core thickness or porosity
coefficient decreases the dynamic buckling
resistance, whereas larger damping coefficients
improve structural stability by delaying the onset of
instability.
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