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Abstract: This study executes a semi—analytical investigation on the combined
effects of pores, tangential ends constraints, initial geometric imperfection,
foundation interaction, and high temperatures on the nonlinear transient
response of functionally graded material (FGM) sandwich beams subjected to
suddenly applied uniform transverse loads in thermal environments. Two types
of sandwich beams corresponding to FGM face sheets and core layer are
examined. The pores are distributed into FGM layers according to even and
uneven types. The effective properties of porous FGM are estimated employing
a modified rule of mixture. The motion equations are formulated on the basis
of the first order shear deformation beam theory taking into consideration von
Karman nonlinear terms, initial geometric imperfection and interaction from
elastic foundations. The derived equations are treated by means of analytical
solutions along with Galerkin method to attain a time—dependent nonlinear
ordinary differential equation. This differential equation is numerically treated
by means of fourth-order Runge—Kutta scheme to trace nonlinear
displacement—transient time paths. Parametric studies are performed to
evaluate diverse effects on the nonlinear transient response curves of FGM
sandwich beams. The results indicate that the pores and foundations have
detrimental and beneficial effects on the dynamical bending resistance
capability of sandwich beams, respectively. The study also finds that the
tangential end restraints make the dynamical deflection of beams exposed to
thermal environments deeper. Besides, the initial geometric imperfection
decreases and increases the dynamic deflection of the beams placed at room
and elevated temperatures, respectively.

Keywords: Porous FGM sandwich beam; Nonlinear transient response;
Elastic end restraint; Winkler-Pasternak foundation; Geometric imperfection.

1. Introduction

Owing to advanced characteristics inheriting

composites such as high stress concentration and
debonding. Due to smooth and continuous

from superior features of constitutive components,
functionally graded material (FGM) overcomes
issues encountered in conventional fiber reinforced

gradation of volume percentages of ceramic and
metal through one or two directions, FGM owns
high stiffness, ductility, effective performance
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temperature resistance capability and prominent
structural integrity. Therefore, FGMs are widely
applied in diverse fields such as temperature
withstanding components, aerospace structures
and nuclear plants. The static and dynamic
responses of FGM beams (FGMBs) were studied
in numerous papers. Wattanasakulpong et al. [1]
used an improved version of Reddy third order
beam theory (TSDBT) and Ritz technique to treat
the linear buckling and free vibration of FGMBs
under thermal loads. Linear free vibration of
FGMBs with various end conditions has been
perused by Pradhan and Chakraverty [2]
employing Rayleigh—Ritz solution on the basis of
the Euler—Bernoulli classical beam theory (CBT)
and the Timoshenko’s first order shear deformation
beam theory (FSDBT). Lagrange multipliers
method on the context of different higher—order
theories was adopted in paper of Simsek [3] for the
linear vibration analysis of FGMBs. Azadi [4] taken
up the finite element method (FEM) based on the
CBT to deal with the linear free and forced
vibrations of FGMBs with different ends
constraints. An exact solution treatment based on
the FSDBT was utilized in work of Rahimi et al. [5]
for the postbuckling behavior and linear free
vibration analyses of FGMBs under various end
conditions. Thai and Vo [6] executed an analytical
study on the linear static and vibration behaviors of
FGMBs taking advantage of various versions of the
TSDBT. Wang and Li [7] applied a shooting method
within the framework of Levinson beam theory for
the linear vibration analysis of FGMBs. The CBT-
based FEM was taken up in the study of
Alshorbagy et al. [8] for the linear free vibration
issue of FGMBs. Karamanli [9] used displacement
and rotation solutions in polynomial forms and the
FSDBT to solve the linear vibration problem of
FGMBs. Rayleigh—Ritz method and experimental
comparison were employed in study of Pang et al.
[10] for the linear free and forced vibration analyses
of FGMBs with general restraints at ends.
Nonlinear analyses of the vibrational and
buckling behaviors of FGMBs were performed in
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studies [11-15]. Fallah and Aghdam [11] used the
CBT and variational method to investigate the
nonlinear free vibration and postbuckling of thin
FGMBs resting on nonlinear elastic foundations.
The effects of piezoelectric actuators on the
nonlinear free vibration and buckling of FGMBs
with clamped ends have been analyzed by Fu et al.
[12] employing the CBT and elliptic function
solution. The variational iteration method based on
the CBT was adopted in work of Yaghoobi and
Torabi [13] for the postbuckling and nonlinear
vibration analyses of FGM beams supported by
nonlinear elastic foundations. Zhang [14] taken up
the TSDBT-based Ritz method to deal with the
thermal postbuckling and free vibrational response
of FGMBs taking into consideration the physical
neutral surface. Shen and Wang [15] dealt with the
nonlinear analyses of the static response, free
vibration and thermal postbuckling of FGMBs
resting on elastic foundations taking up TSDBT in
conjunction with a two-step perturbation technique.
The CBT-based multiple scale method was
applied in work of Shooshtari and Rafiee [16] for
the nonlinear forced vibration problem of FGMBs.
Hemmatnezhad et al. [17] taken advantage of the
FSDBT-based FEM to examine the nonlinear free
vibration of FGMBs under various end conditions.
The influence of nonlinear foundations on the
nonlinear free and forced vibrational behaviors of
FGMBs has been analyzed by Kanani et al. [18]
utilizing variational iteration technique on the basis
of the CBT. The nonlinear free vibration analysis of
shear deformable FGMBs was executed by Xie et
al. [19] making use of Ritz method within the
context of various shear deformation theories. The
nonlinear vibrational and dynamic responses of
thick FGMBs were researched by Xie et al. [20]
adopting an improved TSDBT along with a direct
numerical integration technique.

Owing to prominent features such as high
ratio of flexural rigidity to weight along with effective
sound and thermal absorption, sandwich
components are extensively applied in diverse
structures. Zenkour [21] employed Navier—type
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series solution on the basis of sinusoidal version of
shear deformation theory to explore the linear
buckling and free vibration of FGM sandwich
rectangular plates with all simply supported edges.
By utilizing a meshless method in conjunction with
a quasi-3D version of shear deformation theory,
Neves et al. [22] perused the linear bending, free
vibration and buckling behaviors of FGM sandwich
plates under different boundary conditions. Based
on a refined shear deformation theory, the linear
static, buckling and free vibrational behaviors of
FGM sandwich plates were elaborated in studies of
Meiche et al. [23] and Bessaim et al. [24] using
analytical solutions. Based on a higher order shear
deformation theory in conjunction with an
asymptotic solution, Shen and coauthors [25, 26]
presented the postbuckling and nonlinear
dynamical response analyses of FGM sandwich
rectangular plates supported by elastic foundations
in thermal environments. The nonlinear buckling of
FGM sandwich plates and curved panels subjected
to elevated temperature and thermomechanical
loads have been examined by Tung [27, 28] using
analytical solutions on the basis of the shear
deformation theories. lurlaro et al. [29] used a
refined version of zigzag theory for the linear static
and free vibrational behavior analysis of FGM
sandwich plates. The FSDBT-based general
Fourier solution was utilized in work of Su et al. [30]
for determining the natural frequencies of sandwich
FGMBs under arbitrary boundary conditions
resting on elastic foundations.

Inasmuch as the pores can be created in
FGM during the manufacturing process, it is
necessary to assess the influences of porosity on
the static and dynamic behaviors of FGM
structures. Wattanasakulpong and Ungbhakorn
[31] adopted the differential transformation
technique based on the CBT to deal with the linear
and nonlinear vibration responses of FGMBs with
porosity and elastically constrained ends. The
FSDBT-based collocation technique was
employed in study of Wattanasakulpong and
Chaikittiratana [32] for the linear free vibration
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analysis of FGMBs including porosities. Based on
the FSDBT and a semi—analytical approach, Thinh
and coworkers [33, 34] investigated the thermal
postbuckling and nonlinear free vibration of
FGMBs with porosities and flexibly constrained
ends. The TSDBT-based Navier—type solution
was utilized in work of Ebrahimi and Jafari [35] for
the linear free vibrational behavior analysis of
FGMBs with porosity. The impacts of pores on the
linear bending and free vibrational problems of
FGMBs with various end conditions have been
treated in numerical investigations of Zghal et al.
[36] and Akbas [37], respectively, employing the
FEM on the basis of shear deformation theories.
Turan et al. [38] used some various approaches to
look at the linear free vibration and buckling
problems of FGMBs with porosity. Long and Tung
[39] considered the influences of porosity and
preexistent compressive load on the nonlinear free
vibration of FGM sandwich rectangular plates with
restrained unloaded edges. The effects of pores
and tangential boundary restraints on the thermal
postbuckling and nonlinear transient response of
FGM single—layered and sandwich plates were
addressed in studies [40, 41] using analytical
solution on the context of the FSDPT. Recently,
Thinh and Tung [42, 43] presented semi—analytical
investigations on the nonlinear transient response
of FGM circular plates, doubly curved panels and
spherical caps with porosities and elastically
constrained boundary edges. It is evident that the
nonlinear dynamical response of FGM sandwich
beams with porosity has not been investigated.
This paper presents a semi—analytical
approach to examine the nonlinear transient
response of FGM sandwich beams with porosity
exposed to thermal environments and subjected to
suddenly applied uniform transverse loads. Two
ends of beams are assumed to be simply
supported and elastically constrained against axial
displacement. Two sandwich beam models with
FGM face sheets and core layer are studied. Pores
are distributed into FGM layers via even and
uneven patterns. The effective properties of porous
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FGM are estimated employing a modified rule of
mixture. Motion equations are established based
on the FSDBT incorporating von Karman
nonlinearity, initial geometric imperfection and
Winkler—Pasternak type foundation interaction.
The established equations are solved employing
analytical solutions along with Galerkin method.
Fourth—order Runge—Kutta integration scheme is
applied to trace the dynamic deflection—transient
time paths. Parametric studies are executed to
examine various effects on the nonlinear dynamic
response of porous sandwich beams. From the
attained results, insightful discussions are given
and valuable remarks are suggested.
2. Porous FGM sandwich beams

This work examines a sandwich beam of
length L, unit width b, and total thickness h
constructed from homogeneous and FGM layers.
The beam is rested on an elastic foundation and
defined in a Cartesian coordinate system xyzin

which the origin is placed on the mid-plane at an
end, X and z are length and thickness
coordinates, respectively, as plotted in Fig. 1. The
sandwich beam is fabricated from a thicker core
layer and two face sheets (i.e. skin layers) in which
the thickness of each skin layer is h;,. It is assumed
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that the core layer and face sheets are perfectly
bonded. Two sandwich beam models owning FGM
face sheets and core layer referred to herein as
sandwich beams of types A and B, respectively, will
be studied in this work.
21. Type A of porous sandwich beam:
homogeneous core and functionally graded
face layers

In this model, the sandwich beam is
constructed from metal homogeneous core layer
and FGM face sheets, as illustrated in Fig. 2. The
volume fraction of ceramic constituent is
continuously decreased from the top and bottom
surfaces to two interfaces of the sandwich beam.
This type of FGM sandwich beam is symmetric
about middle plane and the volume fraction of
ceramic component is evaluated as the following

V - z—h,
¢ hy,—h,

N
j , hy <z <h,, top face sheet

V, =0, h,<z<h,, core layer

V - z—h,
¢ hs_hz

Here h0 =-h/2,h1=-h/2+h _f,h2=h/2-h_f
and h3 = h/2; N is a non-negative volume fraction
index.

(1)

N
J , h, <z <h,, bottom face sheet

N

Z

hWpr—-———mm— - = — — — — - —>
/,/,/,//////////////\kz
T%%%%%%%%%%\h
< L >1

Fig. 1. Geometry and coordinates of a beam resting on an elastic foundation

2.2. Type B of porous sandwich beam: FGM
core layer and homogeneous face sheets

In this type of sandwich configuration, the
beam is constructed from homogeneous face
sheets and a FGM core layer, as sketched in Fig.

3. Specifically, the upper and lower face layers are
homogeneous metal and ceramic, respectively,
whereas the volume fraction of ceramic component
in the FGM core is gradually increased from upper
interface to lower interface. This configuration of
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the sandwich beam is asymmetrical about middle
surface and the volume fraction of ceramic
component is determined as the following:

V. =0, hy<z<h,, top face sheet

N
v - z-h, , h,<z<h, core layer (2)
h, —h,

V., =1, h, <z<h, , bottom face sheet

For both types of sandwich beam, the volume
fraction of metal constituent is evaluated by
formula V, =1-V,.

During the fabrication of FGM, pores can
arise and affect the properties of this composite.
Because of the existence of pores, the effective
properties P, of porous FGM may be estimated

by means of a modified version of mixture rule as
the following [31].

Py =P, (Vc — é} +P, (Vm — Ej (3)
2 2

where P stands for a specific property such as
elastic modulus E, thermal expansion coefficient
(TEC) o and mass density p. Herein the c and m

subscripts imply the ceramic and metal
constituents, respectively. In the above Eq. (3), &
is a small value (0<&< 1) known as the total
volume fraction of pores. If £ is equal to zero, FGM
is absent from pores and known as perfect or non-
porous FGM. In the present study, the pores are
considered to distribute inside FGM according to
even and uneven patterns. For the even type of

Even
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distribution, the density of pores is the same for
arbitrary position in the FGM and the effective
properties of porous FGM are determined as [31]

Peﬁ=(Pc—Pm)Vc+Pm—%(PC+Pm) 4)

For the uneven type of porosity distribution,
the density of pores is non-uniform in the FGM. For
the type A of sandwich beam, the density of pores
is gradually increased from two surfaces to the
interfaces, as sketched in Fig. 2. For the type B of
sandwich beam, the density of pores is linearly
increased from two interfaces to the middle surface
of the beam, as depicted in Fig. 3. Accordingly, the
density of pores is the densest at two interfaces
and the middle surface of the sandwich beams of
types A and B, respectively. The effective
properties of porous FGM with uneven porosity are
sought by the following expression.

Peff = (Pc - Pm)vc + Pm _é(Pc + Pm)f(z) (5)

2

For the A sandwich beam, f(z) = Z=h, , 0

1 0

, Z- hy corresponding  with
hz - h3

h,<z<h,,

h,<z<h,,

h, <z<h,, respectively. For the

sandwich beam of type B, f(z):(1—2%] at
2 H

core layer (h,<z<h,) and f(z)=0 at two face

sheets (h, <z<h, and h, <z <h,).

i
1z Uneven
Fig. 2. FGM/Metal/FGM sandwich model with even and uneven types of porosity distribution
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| 4 Even
Fig. 3. Metal/FGM/Ceramic sandwich model with even and uneven types of porosity distribution

ol
G = —| 0+ 2
2(1+v) ox

where AT=T-T,

Because of weak dependence on position,
temperature and porosity, Poisson’s ratio v of
porous FGM is assumed to be constant in the
present work.

3. Mathematical formulations

In this study the sandwich beams are
considered to be of moderate thickness and
imperfect geometry. Motion equations are
established on the basis of the FSDBT. Based on
the FSDBT, axial displacement u(x,z,t) and

transverse displacement (i.e. deflection) w(x,z,t)

of an arbitrary point in the beam are expressed in
the following [44].
u(x,z,t) = u(x,t) + zd(x,t)
(6)

w(x,z,t) =w(xt)

where t is time. In the above, u and w are axial
and transverse displacements of a corresponding
point on the mid-surface, respectively, and ¢ is the

rotation of a transverse normal about the y axis.
Axial strain €, and transverse shear deformation

Y., atan arbitrary point are defined as follows [44]

ou 1(owY ¢ ow
=—+—|—| +z2= =h+— 7

The components of stresses are sought by
means of constitutive relations as

2
o, =E @+1(% +z@—aAT (8)
ox 2\ ox X

V.T.T. Huong et al

Ceramic

1: Uneven

is temperature difference
uniformly raised from a room value T, to a higher

value T. In this study, it is assumed that the
uniform temperature rise induces thermal stress in
the sandwich beam prior to application of
transverse mechanical load. Based on this
assumption, thermal load is seen as a pre-existent

static load. The force resultant N, the shear force

resultant Q, and the moment resultant M, are

determined as follows [44].
h/2

(N.M,)= [ o, (12)dz
hlz—h/2 (9)

Q, =K, [ o,dz

-h/2
where K, =5/6 is selected for the value of shear
correction coefficient. Substituting Eq. (8) into Eq.

(9) gives the following relations of the force and
moment resultants

ou 1 owY 00 i1
N=A|Z+-|2=]| |+B, 2 -N
g ”{aﬂz(axj} " ox (10a)
ou 1(owY o
MX:B”[&‘FE(&] \]+D11&¢—MT (10b)
oW
Q, =KsAsgs (d) o j (10c)
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where
h/2

(AiByDy) = [ E(122° )z

-h/2

Ass = —2(1\:” (11)
h/2
(N,M")= | EaAT(12)dz
-h/2
This study assumes that axial and rotatory
inertias are marginal and removed. Based on this
assumption and the FSDBT, the motion equations
of FGM sandwich beams with imperfect geometry
resting on an elastic foundation are the following

[34, 44].

oN

X :0
ox (12a)
Q, o 8(w+w*) o _Ia2_w
ox o ox| ¢ ox 7% =h e

(12b)

oM

x-Q, =0
o . (12c)

with W (X) is a known function describing initial

geometric imperfecton and q is uniform
transverse load suddenly applied on the top plane
of the FGM sandwich beam. The considered
transverse load type is usually seen in the practical
situations of diverse components such as rails and
barriers. This load is perpendicular to the
longitudinal axis of the sandwich beam and applied

instantaneously rather than gradually. In the above,
q; is interaction force from the foundation and |, is

the mass inertia moment defined as
h/2

|, = j p(z)dz (13)

-h/2
In this study, interaction force from elastic
foundation is expressed according to Winkler—
Pasternak model as
o*w

P (14)

=k,w -k
qf 1 26X
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in which K, and k, are stiffness parameters of a
Winkler—Pasternak foundation.
It is evident from Eq. (12a) that N, =N, is

independent of axial coordinate x. Using this
relation and Eq. (12c) into (12b) yields

o°M, *(W+w) o*w
W+NXOT+q_k1W+k28?
2w (15)
T
It is deduced from Eqgs. (10a) and (10b) that
M, :&NX +—A”D11 ~Bi, @+ﬁNT -M"  (16)
A11 A11 ax A1‘I

By substituting the above relation into Eq.
(15), the motion equation of the sandwich beam is
written in the form

A11D11 _B121 53¢ 62

A $+Nxoa7(w+w*)

0*w

o*w
+q—k1w+kzyzl1

atZ
Introducing Egs. (10c) and (16) into Eq. (12c)

yields the following

A11D11 _B121 az¢ ow

——— KA +—1=0 18

A11 aXZ S* 55 (I) ax ( )

This study considers FGM sandwich beams

with simply supported ends including elastic

against displacement. The

corresponding end conditions are written as

WZO’ MX :0’ Nx:NxO

(17)

constraint axial

at x=0 and X =L (19)
Reactive force resultant at the beam ends is

related to average end-shortening displacement as

described in previous works [34, 45-48].

c'tou
N, =—— [ Zdx 2
o= o (20)

where c is stiffness parameter of axial restraints of
ends. The valuesof c=0,c —> o and 0<c <o
describe the movable, immovable and partially

movable conditions of ends, respectively. By
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determining du/ox from Eq. (10a) and including
the effect of geometric imperfection, Eq. (20) can
be rewritten in the following form

1 (NX0+NT—B @)

11 8X
ow)  ow ow’
2 OX OX OX

4. Solution procedure
The end conditions are fulfilled by means of

X (21)

v gl

the following analytical solutions [34, 49]

w(x,t) = W(t)sin mnx
w'(x) = ph sin? (22)
o(x,t) = cp(t)cos?

where W and ® are amplitudes of transverse
displacement and rotation, respectively, u is the
size of geometric imperfection and m is a positive
integer representing the vibration mode. By
substituting Eq. (22) into Eq. (18), we receive

@ = -dW (23)
where

D= _ K_SA11:§55m7tLh _

mn (A 1D _B121)+KSA11A55L2h
- W
W=— 24
. (24

in which

(A11,A55,L) :](A11’A55’L)
(25)
_Bu 5 _Du
1 h2 ’ 11 h3
By introducing the solutions (22) into the
motion equation (17) and taking up Galerkin
method, we receive the following equation
d2V2V +m3ed A11[_)11 3B121 DdW
dt AL

I,h

1

0 2_2

~ & m
12L4 (K +m*m®K, )W + N, E

(W+n)

V.T.T. Huong et al

4
=—inq (26)
where
= N
NxO = F;O

2
(Kokz) = Zors (ki K, ) @7)

m

1

Y =§[1—(—1) ]
in which E? is value of E, calculated at T, =300

K. Introducing the solutions (22) into Eq. (21) leads
to the result

N,, = —AGAT + 2)y, Bu pw
I‘h
—_ m2n2 — -
in which
c 1 h/2
A= ., G=— | Eadz . (29)
C+ A11 h ﬁ[/z

Above defined dimensionless value A will be
used to assess the degree of tangential restraints
of boundary ends in parametric studies. It is
realized that freely movable, fully immovable and
partially movable conditions of ends will be
measured by values of A=0,A=1and 0 <A <1

, respectively. Substitution of Nxo into Egs. (26)

leads to
d*wW - — =
bh=gz +anW +a, W (W +p) (30)
_ _ _ 4y
+a, W(W +pu)(W+2u)-a,, (W+pu)AT=—2
31 ( “)( H) 41( H) m
where
n2 0
a,, =m’n s AD;, 3B”d> En m (K +m?n KZ)
A11L 121
2N
‘B
21 —2>‘Ym o (31)
h
m*r*A m*n?
a, =\ ! =A——0G
31 4L‘L y M L2h
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Table 1. Comparisons of dimensionless fundamental natural frequencies @ of simply supported Al/Al203

beams with immovable ends and without foundation interaction
(L/h=20, AT=0,N=2, m=1,A=1).

Source Even Uneven

E=0 £=0.1 £=0.2 E=0 E=01 &£=0.2
Turan et al. [38] 3.8368 3.6340 3.3128 3.8368 3.8235 3.8017
Hadji et al. [50] 3.8361 3.6335 3.3123 3.8361 3.8226 3.8004
Present 3.8413 3.6386 3.3173 3.8413 3.8283 3.8066
Eq. (30) represents the nonlinear dynamical v=0.28 [15].

response of FGM sandwich beams with pores,
geometric imperfection and elastically restrained
ends in thermal environments. The dynamic
deflection—transient time curves are plotted by

means of fourth-order Runge-Kutta method with
initial conditions W(0)=0 and W(0)=0. In case

the geometrical nonlinearity and transverse load
are neglected, the above Eq. (30) reduces to
-
Ih% + (a11 +pa,, +2u%a,, — aMAT)W = pa,,AT
(32)
The above equation describes the linear free
vibration of FGM sandwich beams with porosity,
geometric imperfection and tangentially
constrained ends in the thermal environments. The
natural frequencies of FGM sandwich beams are
determined by formula

o, = \/aﬂ +ua,, +2u*a,, —a, AT (33)
L,h

5. Numerical results and discussion

This section carries out parametric studies to
examine different effects on the nonlinear transient
response (NTR) of FGM sandwich beams made of
SisNs and SUS304. The temperature dependent
properties of SisNs and SUS304 such as elastic
modulus and TEC have been exhibited in the
preceding studies, e.g. [1, 15], and not displayed
here for the sake of brevity. The mass densities of
SisNs and SUS304 are p,=2370 kg/m® and

p,, =8166 kg/m?,
Poisson coefficient of SisN4#/SUS304 is taken to be

respectively. The effective

5.1. Comparative study

The present subsection performs two
comparisons to check the accuracy of the present
formulations. Because there is no preceding study
on the nonlinear dynamic response of FGM
sandwich beams with porosity and elastically
constrained ends, the comparisons are performed
for single—layered FGM beams with special cases
of in-plane ends condition. The results for single—
layered FGM beams are attained by specializing
the present formulations of sandwich beams of
type B for the case of h, = 0. First, the linear free

vibration of FGM beams with porosity and
immovable ends placed at room temperature is
considered. This problem was also treated by
Turan et al. [38] using analytical, finite element, and
artificial neural network methods on the basis of the
FSDBT and by Hadiji et al. [50] employing the
Navier—type solution within the framework of an
improved version of higher order shear
deformation beam theory (HSDBT). In the first
comparison, the FGM beam is made of aluminum
(Al) and alumina (Al.O3) with properties are
E,=70GPa, p, =2702 kg/m3, v, =0.3 for Al

and E, =380GPa, p, =3960 kg/m?, v, =0.3 for

AlbOs [38]. In comparative studies, the non-
dimensional natural frequencies of FGM beams
are evaluated as follows

S = [Pn

O)COLhE (34)

m

Non-dimensional fundamental natural
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frequencies calculated by the present study are
given in Table 1 in comparison with those of works

V.T.T. Huong et al

[38, 50]. It can be recognized that a very good
agreement is obtained in this comparative study.

Table 2. Comparison of dimensionless fundamental natural frequencies ® of simply supported
SisN4/SUS304 beams with immovable ends in a thermal environment
(L/h=20, AT=80K, m=1, A =1).

Type & Source N
0 0.5 1 2 5
Even 0  Ebrahimi and Jafari [35] 5.4349 3.4341 2.8884 24999 2.1873
Present 5.4393 3.4373 2.8912 25027 2.1900
0.1 Ebrahimi and Jafari [35] 6.1011 3.6245 3.0086 2.5829 2.2504
Present 6.1060 3.6280 3.0117  2.5858 2.2532
0.2 Ebrahimi and Jafari [35] 7.1036 3.8301 3.1215  2.6493 2.2933
Present 7.1093 3.8339 3.1248 2.6523 2.2964
Uneven 0 Ebrahimi and Jafari [35] 5.4349 3.4341 2.8884 24999 2.1873
Present 5.4393 3.4373 2.8912 25027 2.1900
0.1 Ebrahimi and Jafari [35] 5.8231 3.5981 3.0175 2.6100 2.2871
Present 5.8285 3.6019 3.0208 2.6132 2.2904
0.2 Ebrahimi and Jafari [35] 6.2757 3.7669 3.1456  2.7163 2.3817
Present 6.2823 3.7713 3.1495 27201 2.3856

03

T T T i
- - - —_ —_ —_ _ r T T T T T i
L/h=20,N=2, h/h =0.2, Even, A=1,T=300K, =0, (K,K,) =(0,0) Lh=20,N=2 h/h=02 Even, A=1,T=300K, s=0, (KK, = (0,0)
0.2
0.15
<
S
S
0.1
0.05 - =0 |
.\ <%-¢=01
' ©£=02
) 4203
/ SUS304/FGM/Si N, =04
. SO L 0 | |
0 1 2 3 4 6 0 0.5 1.5 2 25 35
t (ms) t(ms)

0.25

(b)

Fig. 4. Effects of £ on the NTR of sandwich beams with immovable ends and even porosity: a)
FGM/SUS304/FGM and b) SUS304/FGM/Si3Ns.

In the second comparison, the linear free
vibration of a single—layered SisN4+/SUS304 beam
with porosity and immovable ends in a thermal
environment is considered. This problem was also

dealt with by Ebrahimi and Jafari [35] employing
the HSDBT and Navier—type solution. The non-
dimensional of fundamental natural

frequencies ® obtained by the present approach

values
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are shown in Table 2 along with those of Ebrahimi agreement is achieved in this comparison.
and Jafari [35]. Again, it is clear that a very good 5.2. Nonlinear transient response

5| T T T T T 0.35 ; . . . |
L/h=20,5=0.2,h/h=0.2,,u=0,/\=1,T=400K, (K1,K2)=(0,0) L/h=20,£=0.2 h/n:o,g#:o =N =0, Even
L ) A=1,T=400K, (K, K -0 N =0, Uneven
045 -=N=0, Even Mg -e-N =1, Even
=0 N =0, Uneven 03 =& N =1, Uneven
0.4~ -©-N=1, Even 1 %N =5, Even
-& N =1, Uneven -* N =5, Uneven
0.35¢ N =5, Even 4 0.25 - * P
=% N =5, Uneven

03+
02
<
S025- §
0.15
02+
015+ 01
01+
0.05
0.05-
\ SUS304/FGM/SI3N4
0 g POV 04 ! . B
0 1 2 3 4 5 6 0 05 1 15 4
t (ms) t(ms)
(@) (b)

Fig. 5. Effects of N index and porosity distribution pattern on the NTR of sandwich beams with
immovable ends in a thermal environment: a) FGM/SUS304/FGM and b) SUS304/FGM/Si3Na.

03 T T T T 025 T T T T
L/h=20,N=1,£=0.1, Uneven, =0, A =1, T=400K, (K K,) = (50,0) Lh=20,N=1, =01, Uneven, =0, A =1,T=400K, (K K, = (50,0)
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Fig. 6. Impact of h, /h ratio on nonlinear transient path of sandwich beams with immovable ends
supported by a Winkler foundation in a thermal environment: a) FGM/SUS304/FGM
and b) SUS304/FGM/SizNs.
In the followings, the nonlinear transient (FGM/SUS304/FGM) and type B
response (NTR) of FGM sandwich beams of type A (SUS304/FGM/Si3Na4) resting on elastic
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foundations will be analyzed in graphical form. The
total thickness of sandwich beams is h=0.02m,

intensity of uniform transverse load is q = 10°N/m,

and mode shape is m=1. The beams are

assumed to be of perfect geometry (n=0) and

placed at reference temperature condition (

T = 300K), unless otherwise stated.

First, the effects of volume fraction of pores
¢ on the NTR of sandwich beams with immovable
ends and even porosity are shown in Fig. 4. It is

0.18

;
L/h=20 N=2, h/h=0.15 ¢=0.15 Uneven
0.16 - =0, T=400K (K K,) = (505

V.T.T. Huong et al

recognized that the porosity has deteriorative
influences on the dynamic bending behavior of
sandwich beams. Specifically, the amplitude of
dynamic transverse displacement is pronouncedly
increased due to increase in the value of ¢. It

seems that the effects of the £ on the NTR of the

sandwich beams of type A are more significant.
Besides, the vibration periods of sandwich beams
of types A and B are increased and decreased,
respectively, when the FGM layers are more
porous.

0.15

. .

Uneven
(K7,K2) =(50,5)

L/h =20 N=2h/h=0.15¢=0.15

#=0,T=400K

=1=0
©1=03
© =05
41207
=1

Wrh

0.05

Fig. 7. Influences of tangential ends constraints on the NTR of FGM sandwich beams with uneven
porosity supported by a Winkler—Pasternak foundation in a thermal environment: a) FGM/SUS304/FGM
and b) SUS304/FGM/SizNa.

Next, the effects of volume fraction index N
and type of porosity distribution on the NTR of
sandwich beams with immovable ends in a thermal
environment (T =400K) are graphed in Fig. 5.
Evidently, the dynamic deflection of beams are
augmented as the N index is larger. In another
expression, resistance
capability of sandwich beams is substantially
weaker when the ceramic percentage in the FGM
layers is reduced. Moreover, it is realized that the
vibration period of sandwich beams is raised as a

result of the enhancement of the N index.

the dynamic bending

Subsequently, the influences of h, / h ratio of
thickness of face sheets to total thickness on the
NTR of sandwich beams with immovable ends and
uneven porosity resting on a Winkler foundation
are illustrated in Fig. 6.This figure demonstrates
that the h; / h ratio has significant influence on the
NTR of beam of type A and both dynamic deflection
and vibration period of FGM/SUS304/FGM beams
are considerably decreased when the h, / h ratio is
increased. This result reflects that the dynamic
bending resistance capacity of FGM/SUS304/FGM
beams is pronouncedly stronger when the FGM
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skin layers are thicker. Meanwhile, the h, /h ratio

has a very slight impact on the NTR of sandwich
beams of type B. It is seen that the intensity of
dynamic deflection and period of vibration of
SUS304/FGM/SisNs beams are  marginally
increased when the thickness of homogeneous
face layers is larger.

Next parametric study is illustrated in Fig. 7
illustrating the effects of axial constraints of ends
(i.e. A parameter) on the NTR of sandwich beams

V.T.T. Huong et al

with uneven porosity reposing on a Winkler—
Pasternak foundation (K,=50,K,=5)

thermal environment (T =400K). As can be

in a

observed, the amplitude of dynamic displacement
and vibration period are substantially increased
when the ends of beam are restrained more strictly,
i.e. A parameter is larger. It is attributed to thermal
forces induced at restrained ends making the
bending resistance ability of sandwich beams
weaker.

0.6 ‘ ‘ ‘ : 3 ‘ ‘
Lh=20,N=2h/h=02 £=02 Even u=0, =1, (K K, =(100,10) Lh=20,N=2h/h=02¢=02 Even, =0, \=1, (K K,)=(100,10)
FGM/SUS304/FGM SUS304/FGM/SI,N,,

051 =T =300 K

oT=400K = T=300K
-e-T:5OOK “4-T=400K
£T-600K o T=500K

0.4 +T:700K 0.2F AT =600K,

- *T=700K

The influences of high temperatures T on
the NTR of sandwich beams with immovable ends
and even porosity resting on a Winkler—Pasternak
foundation (K, =100,K, =10)

elastic are

analyzed in Fig. 8. It is evident that elevated
temperature renders the dynamic transverse
displacement deeper and period of forced vibration
larger. When the ends are tangentially restrained,
the thermally induced forces at ends are more
intense if the temperature is more elevated. In this
way, the elevated temperature detrimentally affects

the dynamic bending resistance capacity of

(b)
Fig. 8. Effects of thermal environments on the NTR of sandwich beams with immovable ends and even
porosity resting on a Winkler—Pasternak foundation: a) FGM/SUS304/FGM and b) SUS304/FGM/Si3Na.

sandwich beams with restrained ends.

In the Fig. 9, the influences of elastic
foundations (through the dimensionless stiffness
parameters K,,K,) on the NTR of sandwich

beams with immovable ends (A =1) and uneven
porosity in a thermal environment are analyzed.
Obviously, the support of elastic foundation brings
to evident effectiveness in improving the dynamic
bending resistance capability of sandwich beams.
More concretely, the amplitude of dynamic
transverse displacement is substantially reduced
when the stiffness parameters of foundations
become larger.
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Fig. 9. Effects of foundation stiffness on the NTR of sandwich beams with immovable ends and uneven
porosity in a thermal environment: a) FGM/SUS304/FGM and b) SUS304/FGM/Si3Nsa.

0.12 0.12 ‘ ; ‘ ‘
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(a) (b)
Fig. 10. Effects of geometric imperfection on the NTR of sandwich beams with immovable ends and
uneven porosity at room temperature: a) FGM/SUS304/FGM and b) SUS304/FGM/SizNa.

Next, the effects of geometric imperfectionon  temperature and intensity of dynamic displacement
the NTR of sandwich beams with immovable ends  is remarkably lowered in case the size p of
and uneven porosity placed at room temperature  geometric imperfection becomes larger. It is found
are plotted in Fig. 10. It is realized that the  that additional deflection of sandwich beams only

geometric imperfection has a beneficial effect on  subjected to mechanical load is reduced due to the
the bending resistance of sandwich beams atroom  presence of geometric imperfection.
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Fig. 11. Effects of geometric imperfection on the NTR of sandwich beams with immovable ends and
uneven porosity at elevated temperature: a) FGM/SUS304/FGM and b) SUS304/FGM/SisNa.
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Fig. 12. Effects of slenderness ratio on the NTR of sandwich beams with immovable ends and uneven
porosity in a thermal environment: a) FGM/SUS304/FGM and b) SUS304/FGM/Si3Na.

In contrast, the maximum value of dynamic
displacement and period of forced vibration of
sandwich beams placed at a high temperature (
T=400K) are increased and dropped,
respectively, as the size of geometric imperfection

is larger, as demonstrated in Fig. 11. Once again,
the presence of thermal forces at restrained ends
makes the effect of initial imperfection more
negative.

Finally, the influences of slenderness (i.e.
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L/h ratio) on the NTR of sandwich beams with
immovable ends and uneven porosity resting on a
Winkler—Pasternak foundation in a thermal
environment are graphed in Fig. 12. It can be found
that the dynamic transverse displacement and
period of forced vibration are significantly
augmented as the L/h ratio becomes larger.
Thus, the dynamic bending resistance capacity of
sandwich beams become evidently lower when the
beams are slenderer.

6. Conclusions

A semi—analytical study on the simultaneous
effects of pores, initial geometric imperfection,
elastic foundations, elastic restraints of ends and
elevated temperatures on the NTR of FGM
sandwich beams has been presented. From the
above analyses, the following conclusions are
attained:

i) The presence of pores has negative effect
on the dynamic bending resistance capacity of
sandwich beams and the amplitude of deflection is
pronouncedly increased as the volume fraction of
pores in FGM layers is larger.

i) The axial constraints of ends make the
dynamic deflection of porous FGM sandwich
beams exposed to elevated temperatures deeper.
Besides, the dynamical deflection of sandwich
beams with restrained ends is increased as
temperature is more elevated.

iii) Initial geometric imperfections have
beneficial and deteriorative influences on the
dynamic bending resistance capability of porous
FGM sandwich beams with restrained ends
exposed to room and elevated temperatures,
respectively.

iv) The dynamic bending resistance capacity
of porous FGM sandwich beams is significantly
strengthened owing to the presence of elastic
foundations. The amplitude of dynamic deflection
is prominently reduced when the stiffness
parameters of foundations are larger.
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